Sumsets of reciprocals in prime fields and 
multilinear Kloosterman sums 



J. Bourgain 

Institute for Advanced Study, 
Princeton, NJ 08540, USA 
bourgain@ias . edu 

M. Z. Garaev 
Centro de Ciencias Matematicas, 
Universidad Nacional Autonoma de Mexico, 
Morelia 58089, Michoacan, Mexico 
garaev@matmor . unam . mx 



Abstract 

We obtain new results on additive properties of the set 

r 1 = {x- 1 : x G /} 

where I is an arbitrary interval in the field of residue classes modulo 
a large prime p. We combine our results with multilinear exponen- 
tial sum estimates and obtain new results on incomplete multilinear 
Kloosterman sums. 
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1 Introduction 



In what follows, e > is an arbitrary fixed constant, ¥ p is the field of residue 
classes modulo a large prime p which frequently will be associated with the 
set {0, 1, ... ,p — 1}. Given an integer x coprime to p (or an element x from 
F* = F p \ {0}) we use x* or x^ 1 to denote its multiplicative inverse modulo p. 

Let J be a non-zero interval in F p . Additive properties of the reciprocal- 
set 

r 1 = {x- 1 : x G /}, 

with a subsequent application to Kloosterman sums have been considered 
in [5] . Among other results, it has been shown there that for any 5 > there 
exists k e Z + such that the sumset 

k^r 1 ) = { x - 1 + . . . + xl l : XiEl} 

satisfies 

\k(r l )\ > p- s min{\I\ 2 ,p}. 

In the most interesting case |/| < p 1//2 this implies that > \I\ 2 p~ s . 

From some recent results in [12] (see Lemma 10 below) it follows that 

I/- 1 + r l \ > min{|/| 2 , y/p~\T\}\I\°W . (1) 

In particular, if |/| < p 1 / 3 , then 

The aim of the present paper is to establish new additive properties of 
the set J -1 . We then combine our results with recent estimates of multilin- 
ear exponential sum bounds from [6] and obtain new results on multilinear 
Kloosterman sums. 

The structure of the paper is as follows. In section 2 we state our results 
on additive properties of the set J" 1 and on estimates of Kloosterman sums. 
In section 3 we give some basic preliminaries which are used throughout the 
paper. In sections 4-8 we give some backgrounds and prove preliminary 
lemmas. The proof of our results on additive properties of reciprocals on 
intervals (Theorems 1-6) is given in section 9. The proof of Theorems 7-13 
are given in section 10. In section 11 we give the proof of Theorem 14 on 
Archimedian counterpart of Karatsuba's estimate, in section 12 we give the 
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proof of Theorem 15 on n(x) — ir(x — y), Theorem 16 on a linear Kloosterman 
sums and Theorem 17 on Brun-Titchmarsh theorem. 

In this paper we consider only the case of prime modulus. The case of 
composite modulus will be considered in a forthcoming paper. 

2 Statement of results 
2.1 Reciprocals of intervals 

We recall that I denotes an arbitrary non-zero interval in F p . We first start 
with results on additive properties of J -1 . 

Theorem 1. For any fixed positive integer constant k the number J 2 k of 
solutions of the congruence 

X 1 1 + . . . + X k 1 = X k ^_ 1 + . . . + X 2k 1 , X±, . . . , X2k £ 1 , 

satisfies 

I 7~|2fc 

hk< (V|2fc 2 /(fc+l) + i^|/|o(l). (2) 

Recall that (2) is equivalent to saying that for any e > there exists 
c = c(k; e) > such that 

/ \T\ 2k \ 

J 2k <c(\I\ 2k2/ik+1) + l -^-)\I\ £ . 

Corollary 1. Let |/| < p 1 ^ 2 . Then for any fixed positive integer constant k, 

|A;(7 _1 )| > |/| 2fe /( fc + 1 )+°( 1 ). 
We remark that for k = 3 one can prove the bound 

+ j-l + > |j|1.55+o(l)_ 

We next consider a ternary additive congruence with J -1 . 
Theorem 2. Let \I\ <p 3 / 46 . Then for any element A G ¥ p with 

^r'ujo}, (3) 
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the number J of solutions of the congruence 



x 



1 + y 1 + z 1 = A, x,y,zel, 



satisfies 

J < |/| 2 /3+o(l\ 

The restriction (3) is motivated by the possibility of l/] 14 ^ 1 ) solutions 
otherwise (for instance, z = A -1 and x + y = 0). 

From Theorem 2 it easily follows that for \I\ < p 3 / 46 , one has the bound 

+ J-1 + > |j|7/3+o(l)_ 

The following statements show that for sufficiently small / one has optimal 
bounds. 

Theorem 3. Let \I\ < p 1 / 18 . Then the number J 6 of solutions of the con- 
gruence 

satisfies 

J e < l/l 3+ °«. 

In particular, for \I\ < p 1 / 18 we have 

Theorem 4. Tnere an absolute constant c > siicn inai /or any /ixed 
positive integer constant k and any interval I C F p ■urain |/| < p c / fe iae 
number J 2 k of solutions of the congruence 

X^ + . . . + X k = X k+1 + . . . + X^ , X±, . . . , £2fc £ -fj 

satis/ies 

J 2fe < |/| fc+o(1) . 
In particular, for such intervals I we have 

Mr 1 )] > \i\ k+o(1) . 

Remark 1. From the proof it is clear that in Theorem 4 one can take c = 1/4. 
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Theorem 5. Let I = [l,N]. Then the number J 2k of solutions of the con- 
gruence 

x i + • • • + x l = x l+i + ■ ■ ■ + x *2k (modp), x ± ,...,x 2k e I, 
satisfies 

, J\r2k—1 . 

J 2k < (2k) 90k \logN) 4k2 + VjN k . 

We also give a version of Theorem 5, where the variables Xj are restricted 
to prime numbers. By V we denote the set of primes. 

Theorem 6. Let I = [l,N]. Then the number J 2k of solutions of the con- 
gruence 

x\ + . . . +x* k = x* k+1 + . . . +x* 2k (modp), x 1 ,...,x 2k elDV, 
satisfies 

J 2k < (2k) k [—— + l)N k . 

2.2 Incomplete multilinear Kloosterman sums 

Below we use the abbreviation e p (z) = e 2mz ^ p . The incomplete Kloosterman 
sums 

M+N 

e p (ax* + bx), 

x=M+l 

where a and b are integers, gcd(a,p) = 1, are well known in the literature, 
with a variety of applications. These sums are estimated by 0(p 1 ^ 2 log p) 
as a consequence of Weil bounds. For M = and N very small (that is, 
N = p°^>) these sums have been estimated by Korolev [26]. 
The incomplete bilinear Kloosterman sums 

Mi+iVi M 2 +N 2 

S = ^2 ^2 a i( x i) a 2(x 2 )e p (axlxl) , 

xi=M 1 + l x 2 =M 2 + l 

where aj(xj) G C, la^x,)] < 1, are also well known in the literature. Observe, 
that if one of the parameters N { is much larger than p 1//2 , then S can easily 
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be estimated. For instance, if, say, iV* c > p 1 ! 2 for some c > 0, one can use 
the Weil bound and get 



M\+N\ M 2 +N 2 2 

l^l 2 <AT X J2 I a 2 (x 2 )e p (a^) < 

xi=Afi+l x 2 =M 2 +l 
M2+N2 M2+N2 Mi+iVi 

^ E E I E ep«(y*-0| «iV 1 2 iV 2 + iV 1 iV 2 2 v ^(logp), 

y=M 2 +l ,z=M 2 +l xi=Mi+l 

which implies that 

i^i < ^- i/2 +^r c/2 )(^ 1 AT 2 ) i +°( i ). 

Thus, the most nontrivial case is Ni < p 1 / 2 . When M 1 = M 2 = the sum 
S (in a more general form in fact) has been estimated by Karatsuba [24, 25] 
for very short ranges of iV\ and N 2 , and by Bourgain [5] for arbitrary Mi , M 2 
provided that NiN% > p 1 / 2+£ . A full explicit version of Bourgain's result has 
been given by Baker [2]. 

The incomplete n-linear Kloosterman sums 

Mi+7Vi M n +N n 

^2 ■■■ E e p (a 1 x 1 + ... + a n x n + a n+1 (x 1 ...x n )*), 

xi=Afi+l x n =M n +l 

where a« G Z, gcd(a n+1 ,p) = 1, have been studied by Luo [28] and Sh- 
parlinski [30] for arbitrary n. The main tool they used are the bounds of 
Burgess [11] on incomplete Gauss sums. 

Here, we combine our Theorems 1, 3, 4, 5 with the multilinear exponential 
sum bounds from [6] (see Lemma 1 below) and obtain new estimates on 
Kloosterman sums. In what follows, ai(xi), . . . , a n (x n ) are arbitrary complex 
numbers with < 1. 

Theorem 7. For any intervals l\,l 2 with 

\h\>p 1/18 , \h\> P 5/12+£ 



we have 



max \ \ oti{xi)oi2{x2)ep(ax* l X2] 

(a,p)=l\ 



for some 5 = 5(e) > 0. 



<P~ d \h\\h 
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Note that \h\\I 2 \ = p 1 / 2 ' 1 / 3 ^. 
Remark 2. The statement of Theorem 7 remains true for the general sum 

Ni N 2 

^ ai(xi)a 2 {x 2 )ep(ax* 1 x* 2 + bxix 2 ). 

X\=l X2 = l 

This can be achieved incorporating [5, Lemma A. 8}. 

When Mi = M 2 = 0, we prove the following result, expanding the range 
of applicability of Karatsuba's estimate [24]. 

Theorem 8. Let Ii = [1, AT]], I 2 = [1, A^]. Then uniformly over all positive 
integers k±, k 2 and gcd(a,p) = 1 we have 



^ a 1 {x 1 )a 2 {x 2 )e p {ax\x* 2 ) < (2h) ° k 7 (2k 2 ) 5* (logp) 2 ^*^ 



x 



/N,* 1-1 p 1 ^. l/(2fc 1 fe 2 ) / A7*2-1 1/2 i/( 2 fc lta ) 

Given N ± ,N 2 we choose hi, k 2 such that 

^(fcl-l) < p < ^ ^2(^-1) < p < ^ 

and the bound will be nontrivial unless both A^, N 2 are within j9 e -ratio of an 
element of {p Tl ,1 € Z + }. Thus, we have the following 

Corollary 2. Let l x = [1, A^], I 2 = [1, AT 2 ], where for i = 1 or i = 2 

Ni<?\J [p^~ £ , P^ +£ l 



T/ien 

max > > «i(a;i)Q;2(x2)ep(aXiX2) 
/or some 5 = 5(e) > 0. 
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Theorem 9. Let J 1? I 2 C F p be intervals of sizes Ni, N 2 in arbitrary position. 
Then 



max > > ai(xi)a 2 (x 2 )e v (ax1xX) <C 

(a,p)=l\ ^ ^ 

<tfNi»N?'(f + l) 1/16 (f + l) 1/18 . 

Some relevant to Theorem 9 results with intervals starting from the origin 
can be found in [2], [15], [19]. 

Theorem 10. Let hi, k 2 be positive integer constants, Ii, I 2 C F p be intervals 
of sizes Ni,N 2 in arbitrary position and 

Ni < p 2fe i , N 2 < p 2fe 2 . 

Then 



1+0(1) 



max \ \ ai{xi)a 2 {x 2 )e p {ax* 1 : 

(o,p)=ll 

XI Ell X2&12 

(^p2k^N~ k2 ^ +1) N~ kl ^ +1) ) (N 1 N 2 ) 

We next consider multilinear Kloosterman sums. 

Theorem 11. Let n > 7 and N n > p 1//3+£ . Then for any intervals Ii, . . . , I n 
of length N we have 



max Y] . . . Y] ai(xi) . . . a n (x n )e p (aa;i . . . <) 

(o,p)=ll ^— *-? 



xieh x n £i n 
for some 5 = 5(e, n) > 0. 



8 Am 



<p-°N 



Theorem 12. There exists an absolute constant C > such that for any 
positive integer n and any intervals Ii, . . . , I n of length N with N > p c / n , 
we have 



max \ y . . . y ai(xi) . . . a n {x n )e p (ax* l 



for some 5 = 6(n) > 0. 



■■x n ) 



6 Am 



< p~ 6 N 
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Remark 3. It can be proved that Theorem 12 holds with C = 4. This can 
be done using the geometry of numbers in the style of [9] to get a suitable for 
this version of our Theorem 4- 

Theorem 13. Let I ± , . . . ,I n be intervals in [l,p — 1] with 

|/ 1 |...|inJ>P 1/2+e - 

Then we have 

<p- S \h\---\In\ 



max \ ... \ ai(xi) . . . a n (x n )e p (ax* l . . . x*) 

(a,p)=l\ 



xieh x„ei, 

for some 5 = S(e, n) > 0. 

There is the following 'Archimedian' counterpart of the Karatsuba esti- 
mate. 

Theorem 14. Let £ G R with |f | > N ± N 2 and k u k 2 G Z+. Then 

| e^^ ? | < c(h,k 2 , £) 7 (^ 2 ) 1+£ (4) 



with 

Given |f| > N±N 2 , choose k±,k 2 satisfying 



N 2(ki-1) < If I ^fc. 

Then each factor in expression for 7 in Theorem 14 is 0(1). 

Exponential sums of the type (4) appear, for instance, in the proof of 
Theorem 13.8 in [18] 

n(x)-n(x-y)<(2-6) T ^—, x e <y<x, (5) 

logy 

where, as usual, n(z) is the number of primes not exceeding z and 5 = 5(9) > 
0. Here 9 > may be small, x is sufficiently large in terms of 9. In [18] the 
proof of (5) is based on estimates of exponential sums of the form e (~) 

using either Weil or Vinogradov, when 9 is very small. Using Theorem 14 
one gets a better estimate. 
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Theorem 15. The estimate (5) holds with 



5 < 



2(1-9) 



12(0-* + 1)(0- 1 + O.5) + 1-0 



We shall apply trilinear exponential sum bounds from [6] (see Lemma 1 
below) to a linear Kloosterman sums and Brun-Titchmarsh theorem. 

Theorem 16. The following bound holds: 



where the implied constant is absolute. 

It follows that if N = p £ with e fixed, the saving is 0((loglogp) 3 / (logp) 1 / 2 ) 
and the estimate is nontrivial if N > exp((logp)s (loglogp) 3 ). This improves 
some results of Korolev [26] in the case of prime moduli. We also refer the 
reader to [27] for some variants of the problem. 

We remark that in [23] it is claimed that if e > is fixed, then for 
p £ < N < p 4 / 1 one has the bound 



but the proof given there is in doubt. 

For (a, q) = 1, n(x;q,a) denotes the number of primes p < x,p = a 
(mod q). We aim to improve the result of Friedlander-Iwaniec on ii(x;q,a) 
as follows: 

Theorem 17. Let q = x e , where 9 < 1 is close to 1. Then 



with c = 2 — ci(l — 9) 2 , for some absolute constant c\ > and all sufficiently 
large x in terms of 9. 

The constant c\ is effective and can be made explicit. 





-n{x\ q, a) < 



cx 



log f 
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3 Preliminaries 

Throughout the paper we will use well-known connections between the num- 
ber of solutions of symmetric equations and the cardinality of corresponding 
set. Let T be the number of solutions of the equation 

xi + . . . + x n = yi + . . . + y n , 

where for each i the variables x iy run through a set Aj. Then for any subset 

ft c A 1 x . . . x A n , 

one has the bound 

\n\ 2 

\{xi + ... + x n : (xi, ...x n )eQ}\> -jr. 

This estimate follows from the observation that if T n (f2; A) is the number of 
solutions of the equation 

x 1 + ... + x n — X, (x 1 ,...,x n )eQ, 

and 

X = {x l + . . . + x n : (xi, . . .x n ) e Q}, 

then 

T>^T n (fi;A) 2 >^-|^T n (fi;A) 2 



In particular, 



\A 1 + ... + A n \ = #{ai + . . . + a n : a, 6 A«} > 



X 



A| 2 ...|A 

T 



We note that if A 1: . . . , A 2n C F p and T 2n (A) is the number of solutions 
of the congruence 

xi + . . . + x 2n = A (mod p), (xi, . . . , x 2n ) e A 1 x . . . x A 2n , 

then 

T 2n (A) < (Jl.. J 2n )^, 



11 



where Jj is the number of solutions of the congruence 



V\ + • • • + y n = Vk+i + ■ ■ ■ + V2k (mod p), yi, ... , V2k e Ai. 
Indeed, we have 

1 P ^ 

T =-^2^2--- E e p( ax i) ■ ■ ■ e p( ax 2n)e p (-a\). 
Applying Holder's inequality we get 

n p— 1 2 j_ 

t ^ n(- e| e n ) 2n = ^ ■ ■ ■ 

j=l " a=0 Xj&Aj 

In proofs of some of our results we will use the observation that if X, Y e 
F p , then the number of solutions of the congruence equation 

1 11 1 

+ . . . + — — = — + . . . + — , xi e X, y e Y, 



y + xi y + x n y + Xn+i y + x 2r , 

is at most 0(|X| n Y + |X| 2n ), the implied constant may depend only on n. 
Indeed, the contribution from those (xi, . . . ,x 2n ) £ X 2n for which the series 
xi, . . . , X2n contains at most n distinct elements, is0(|X| n |y|). On the other 
hand, if there are more than n distinct elements in this series, then we can 
assume that X\ £ {x 2 , . . . , x 2n }- For each such given (xi, . . . , x 2n ) £ X 2n the 
polynomial 

P{Z)=Y[(Z + x i ) + ... + l[(Z + x i )- J] (Z + xJ-.-.-JliZ + Xi) 

is nonzero (as P(—xi) ^ 0) and since P(y) = we get at most 2n — 1 
possibilities for y. See also [2, Lemmas 2,3 ] for more general statements. 



4 Multilinear exponential sums 

The following result, which we state as a lemma, has been proved by Bour- 
gain [6]. It is based on results from additive combinatorics, in particular 
sum-product estimates. This lemma will be used in the proof of our results 
on Kloosterman sums. 
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Lemma 1. Let 71 (xi), . . . ,7„(x n ) be non-negative real numbers satisfying 
p—i p — 1 



Nli = 1^)1 ^ x > INI 2 = (X i^)i 2 ) < p~ s - 



Assume further 

n 

IINI|2<P- 1/2 - 5 , 

i=l 

where < 5 < 1/4. TTien there is the exponential sum bound 
p-i p-i 

• • • 7iO&i) • • • 7n(^n)e P (a:i . . . x 



a;i=0 x n =0 

wit/i some 5' > (5/n) Cn . 

5 Resultant Bound 

We shall need the following resultant bound from [9] . 

Lemma 2. Let N > 1, a, 1? e M., and let m, n > 2 6e /irced integers. Assume 
also that one of the following conditions hold: 

(1) a > 0; 
(%%)■&> 0; 
(in) a + ti > -1. 

Let Pi(Z) and Pi{Z) be non-constant polynomials with integer coefficients, 

m—l n—1 

P^Z) = ^a ! Z m " 1 - ! ) P 2 {Z) = J2^Z rM 

i=0 i=0 

\ ai \<AN i+a , i = 0,...,m-l, 
\k\<AN i+ *, i = 0,...,n-l, 

for some A. Then 

Res(Pi,P 2 ) < N (m-l+<T)(n-l+#)-*#.^ 

where the implicit constant in <C depends only on A, m and n. 
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6 Background on geometry of numbers 



We need some facts from the geometry of numbers. Recall that a lattice in M. n 
is an additive subgroup of lR n generated by n linearly independent vectors. 
Take an arbitrary convex compact and symmetric with respect to body 
Del* Recall that, for a lattice V C M. n and % — 1, . . . , n, the i-th successive 
minimum Xi(D, T) of the set D with respect to the lattice V is defined as the 
minimal number A such that the set XD contains % linearly independent 
vectors of the lattice T. Obviously, X\(D, T) < . . . < X n (D, T). We need the 
following result given in [3, Proposition 2.1] (see also [31, Exercise 3.5.6] for 
a simplified form that is still enough for our purposes). 



Lemma 3. We have 



Denoting, as usual, by (2n + 1)!! the product of all odd positive numbers 
up to 2n + 1, we get the following 

Corollary 3. We have 

(2n + l)H 



YlmmiXiiD^),!} < 



i=i 



iDnri 



7 Equations with many variables 

The following lemma is due to Karatsuba [24]. 
Lemma 4. The following bound holds: 

{(*!, • • • , x 2k ) e [1, N} 2k : l + ... + l = J_ + ... + J_) I 

I Xi X k X k+ i X 2 k > I 

<(2A;) 80fc3 (logAT) 4fc2 Ar fc . 

The following elementary statement will be used to exclude some degen- 
erated cases in the proof of Lemma 6 below. 
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Lemma 5. Let c G C, Ci, . . . , c r G C* ; 5 be a finite subset of C. Let T r be 
the number of solutions of the equation 

x r G S, 

and J 2s be the number of solutions of the equation 

xx + . . . + x s = x s+ i + . . . + x 2s , xi, . . . , x 2s G S. 

If r = 2k for some integer k, then T 2 k < J2k- If r — 2k — 1 for some integer 
k, then T| fc _ 1 < J 2 fc-2^2fc- 

Proof. Let r = 2k. Among all 2k + 1-tuples (li, . . . , l 2 k, I) with 

h G {±Ci,...,±c 2 fc}, I G {0,c} 

we consider the one for which the number of solutions of the equation 

hxi + . . . + l 2k x 2k = 1, x 1 ,..., x 2k G S, (6) 

is maximal. There can be several 2k + 1-tuples with this property. We choose 
the one for which the sequence 

h, ■ ■ ■ ,hk 

contains the maximal number of elements from {— We fix one such 
(h, . . .,l 2k ,l) with 

h G {—h, h}, i — l,...,s, 

such that either s = 2k or l t £ {—h, h} for t > s. Denote by L 2k the number 
of solutions of (6), that is 

liXi + . . . + l k x k = I — (l k +ix k+1 + . . . + l 2k x 2k )\ Xi, . . . , x 2k G S. 

Note that 

L 2k = J2h(\)h(\), 

A 

where h(X) is the number of solutions of the equation 

llX! + . . . + l k x k = A, Xi, . . . , x k G S, 
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and /2(A) is the number of solutions of the equation 

I — (h+l x k+l + • • • + hk^2k) = A; Xfc+ij • • • 5 x 2k £ 5". 

Applying the Cauchy-Schwarz inequality, we obtain 

^<(E J i(A))(E J 2 2 ( A ))- 

A A 

The quantity in the second parenthesis is equal to the number of solutions 
of the equation 

+ . . . + lk%k = h+l^k+l + • • • + hk%2k, Xi, . . . , X2k G S. 

Hence, by the maximality of L 2k we have 

L 2fc <$> 2 (A). 

A 

The right hand side indicates the number of solutions of the equation 

hxi + . . . + l k x k = hx k+1 + . . . + hx 2 k, xi, ■ ■ ■ , x 2k G S. (7) 
Clearly, the series 

Wi • • • 1 Iki ■ ■ ■ ) Ik 

contains min{2s, 2k} elements from Hence, by the maximality of 

s we have s = 2k. Therefore, Zj e {—h,h} for all i, which implies that the 
number of solutions of the equation (7) is equal to J 2 k- Thus, L 2 k < J2k 
implying T 2 k < I 2k - This proves the first statement of the lemma. 

To prove the second statement of our lemma, we write the corresponding 
to T 2k -\ equation in the form 

C 1 X 1 + . . . + C k X k = I - {c k+ lX k+ l + • • • + C 2k -lX 2k -l) 

and, as before, apply the Cauchy-Schwarz inequality to get that 
^-i<(E 7 n( A ))(E 7 2 2 2 ( A ))' 

A A 

where /11(A) is the number of solutions of the equation 

C1X1 + . . . + c k x k = A, x u . . . , x k e S 
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and /22(A) is the number of solutions of the equation 

— {Ck+l x k+l + • • • + C2k-lX-2k-l) — A) ^fc+l; • • • , %2k-l £ S. 

Applying the first statement of our lemma we obtain 

^11 (a) ^ ^fc; /22(A) < j2fc-2, 

A A 

which finishes the proof of the lemma. □ 

Let £ be an algebraic integer of degree d and Ok be the ring of integers 
in K = Q(£). In the proof of Lemma 6 below we use the language of ideals 
in the Dedekind domain Or. We refer the reader to [22, Chapter 12] and [4, 
Chapter 3] for a background material. Below, all considered ideals are inte- 
gral. In particular, we say that an ideal I2 divides l\ if for some ideal ^3 we 
have 1 1 = hh- 

We will use well-known properties of ideals. For instance, if I\ and I2 are 
ideals such that l\ C I2 then I 2 divides l\ (see, for example, [22, Proposition 
12.2.7]). 

Clearly, the uniqueness of factorization into prime ideals implies that if 
Ii,I 2 ,l3 are ideals in Or such that -Z3 divides I1I2 then I 3 = J1J2 for some 
ideals J\ dividing l\ and J2 dividing I2, respectively. 

It is also useful to recall that the number of integral ideals in Or of norm 
n is at most r(n) d , where r is the divisor function. In particular, for fixed 
constant d and large n this is a quantity of size n olyl \ 

We recall that the logarithmic height of a nonzero polynomial P G r L\Z\ 
is defined as the maximum logarithm of the largest (by absolute value) coeffi- 
cient of P. The logarithmic height of an algebraic number a is defined as the 
logarithmic height of its minimal polynomial. It is a well-known consequence 
of basic properties of Mahler's measure that if P, Q e Z[Z] are two univariate 
non-zero polynomials with Q | P and if P is of logarithmic height at most H 
then Q is of logarithmic height at most H + 0(1), where the implied constant 
depends only on degP (see, for example, [29, Theorem 4.2.2]). 

In particular, it follows that if P e Z[Z] is a nonconstant polynomial 
with coefficients bounded by M (by absolute value), then every root a of 
P(Z) can be represented in the form £/q where £ is an algebraic integer of 
logarithmic height at most O(logM) and q > is an integer with q < M°^\ 
where the implied constants depend only on deg P. 
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Lemma 6. For any fixed positive integer constant r and all values of a e C 
the number T r (a, N) of solutions of the equation 

1 11 1 
+ . . . + = + . . . + 

a + x 1 a + x r a + x r+ \ a + x 2r 

in positive integers xi, . . . , x 2r < N satisfies 

T r (a,N) < jV r+o(1) . 

Proof. For the brevity denote T r = T r (a,N). We shall prove the lemma by 
induction on r. For r = 1 the result is trivial. Let r > 2. 

From Lemma 5 it follows that the number of solutions satisfying x^ = Xj 
for some i ^ j contributes to T r a quantity bounded by 

Thus, by the induction hypothesis it suffices to prove that 

t; < N r+o{1) , 

where T' r denotes the number of solutions with x^ ^ xj for all i ^ j. We can 
assume that T' r > N r as otherwise there is nothing to prove. Rewrite our 
equation in the form 

Y[{cr + Xi ) + ... + Y[{a + Xi)= Y[ (a + Xi) + . . . + Y[(a + Xi) 

and consider the polynomial P(Z) defined as 

HiZ + x^ + .-. + HiZ + Xi)- (Z + Xi)-...- \[(Z + Xi). 

Clearly, degP < 2r — 1. Note also that P(—Xi) ^ 0, so P(Z) is not a 
zero polynomial. Moreover, P(cr) = 0, implying that P(Z) is not a constant 
polynomial either. Therefore, we may assume that a is an algebraic number 
of degree d with 1 < d < 2r — 1 and logarithmic height O(logiV). We can 
write a — £/q, where £ is an algebraic integer of height 0(log N) and q is an 
integer with q = N ^. Then our equation takes the form 

+ +■■■+ + ^ = n ^ + ^ + + + ^ 
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Let K be the ring of integers in IK = Q(£). The idea is to use the 
observation that for each i — 1, . . . , 2r 

£ + qXi divides q 2r ~ l 'Y\i x j ~ x i)- (9) 

The strategy to evaluate the number of solutions of (8) is to introduce con- 
sequently the variables x±,x 2 , . . . taking into account congruence conditions 
that appeared fixing previous variables. 

Given an ideal / we denote by its norm. We factor the principal 
ideal (£ + qxi) into factors 

(f + QXi) = hJi, 

where the prime factors of l\ divide q and (Ji, q) = 1. By (9), the norm z/( Ji) 

divides Yl ( x j ~~ x i) d - Hence, 

i>2 

Xj = x\ (mod rj), 2 < j < 2r, (10) 

for some r,- G Z + such that v(Ji) \ vf with v\ = Yl r j an d v\ \ v(Ji)- We 

i>2 

restrict z/i to dyadic intervals, that is there exists a fixed number /ii > 1 such 
that if we restrict v\ to the size range 

IH < vi < 2/ii, (11) 

then the number of solutions of our equation with this restriction will be 
changed by at most times. 

For every x\ we consider at most different cases and in accordance 

to (10) specify Xj, j > 2, to arithmetic progressions L 2 j G [1, iV], where thus 

)y2r-l+o(l) 

ni^i<— ( i2 ) 

At the next step for x 2 G L 2 ,2 we factor 

(f + 9^2) = W2, 

where the prime factors of I 2 divide q or z/(£ + ga^) and J 2 is coprime to g 
and u(^ + qxi). Hence, J 2 is coprime to (x 2 —x±) and again by (9), the norm 
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v(J 2 ) divides Y[ (xj — x 2 ) d . Arguing as before, we find v 2 such that v{J 2 ) \ v 2 

and v 2 | v(J 2 ). We can restrict v 2 to a size range, that is there exists a fixed 
number /i 2 > 1 (independent on variables Xj) such that if we restrict z/ 2 to 

A*2 < v 2 < 2/i 2 , (13) 

then the number of solutions of our equation with this restriction will be 
changed by at most times. For every x 2 G L 2 2 we can consider at most 
possibilities and specify Xj, j > 3, to arithmetic progressions L 3 j C L 2 j 
where 

ni^i<-ni^i, ^ 2 )i4 (M) 

Note indeed that the progression L 2 j are defined to some modulus Tj \ v\ 
and gcd(rj, v( J 2 )) = 1 since v(Ji), v{J 2 ) are coprime. 
At the next step for x 3 G L 3j3 we factor 

(f + ?z 3 ) = W3, 

where the prime factors of I 3 divides either (q),v(£ + qxi) or + qx 2 ), 
and J 3 is coprime with (q), v(l* + g^i) and z/(£ + qx 2 ). We find v 3 similar to 
the previous cases and specify it to a size range fi 3 < u 3 < 2/i 3 , where /i 3 is 
independent on variables. The continuation of the process is clear. 

We now consequently fix x\ < N, x 2 G £2,2, • • • , x 2r G L 2r . j2r , that is, we fix 
X\ and considering possibilities for arithmetic progressions L 2 j,j > 3, 

we fix x 2 G L 2 2 , then considering possibilities for arithmetic progres- 

sions L 3 j,j > 3, we fix x 3 G L 3 3 and iterate this until we fix x 2r G L 2rj2r . We 
estimate the number of solutions of (8) as contributions of the form 

^1^2,2 1 1 £3,3 1 • • • \L 2rt2r \. 

From (12), (14) and iteration we get 

N*- 1 > vi\L 2 , 2 \\[\L 2>j \ 

> Hxn 2 1 L 2y2 1| L 3i3 1 Y[ I L 3 j I 
i>4 

^ Hi . . . ^ 2r ~i\L 2)2 \ . . . \L 2r ^ 2r \. 
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Here A ^ B means A > BN ^. Thus, the number of solutions of (8) may 
be bounded by 

AT2r+o(l) 

. (15) 

fll . . . jl 2r -l 

Next, returning to our construction, it is clear that v(I{) = and 
since the prime factors of I\ divide q, it follows that the number of possibilities 
for Ii is at most . Fixing I x and denoting £1 = £, £ 2 , • • • , id the conjugates 
of £, we have 

d 

l[(C s + qx l ) = v(I l )v(J l ) 

8 = 1 

and since v(Ji) \ vf it follows that v{J\) is determined by v x with up to 
possibilities. Thus, given v x we retrieve X\ with up to possibilities. It 

follows that in the size range (11) the number of possibilities for x\ is at most 
N°^fn. Next, once x\ is given, there are at most possibilities for the 

ideal I 2 and similarly N°^fj, 2 possibilities for x 2 . It follows that the number 
of possibilities for xi, x 2 , ■ ■ ■ , x 2r _i is at most /ii/i 2 • • • H2r-iN ^ ■ Thus, the 
number of solutions of (8) is bounded by //i// 2 . . . fi 2r ^iN°^\ Since it is also 
bounded by (15), the result follows. □ 

Lemma 7. Let x,y, z,ai,a 2 ,bi,b 2 be complex numbers such that 

xyz — ai(x + y + z) + b±, 
xy + yz + zx = a 2 (x + y + z) + b 2 , 

Then 

(x 2 -a 2 x + ai) (y 2 -a 2 y + a{) (z 2 -a 2 z + a x ) = (b x -a x b 2 -af)(6i -a 2 b 2 — 0%), 
where 

a 2 + \j a\ — 4ai a 2 — \/ a 2 — Aa\ 
«i = g ' a2 = 2 • 

Proof. Indeed, since a 2 — a 2 ai + a\ — 0, we have 

(x - ai)(y - oti){z - at) = b x - ctib 2 - a\, i = 1,2. 
Multiplying these equalities the claim follows. □ 
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Lemma 8. Let A, B be integers with AB ^ and \A\, \B\ < N° {1 \ Then 
the diophantine equation 

Axy + Bx + By = (16) 
has at most N ^ solutions in integers x,y with \x\, \y\ < N ^. 
Proof. Indeed, we have 

(Ax + B)(Ay + B) = B 2 

and the statement follows from the well-known bound for the divisor function. 

□ 

Lemma 9. Let ao,b ,u ,v be integers with b u v ^ and 

\a \, \b \, \u \, \v \ < N° {1) . 

Assume that 

v I. a + o x ) 
Then the number J of solutions of the diophantine equation 

Uo(a + b xi)(a + b x 2 )(a + b x 3 ) = fo^oX 

((a + &o^i)(ao + b x 2 ) + (a + b x 2 )(a + b x 3 ) + (a + b x 3 )(a + & £i)) 
m integers x±,x 2 ,x 3 with 

1 < Xi < N, a + b Xi ^ 0, 

satisfies 

J < tv 2/3+o(1) . 

Proof. We can clearly assume that 

6 > 0, v > 0, gcd(a , 60) = 1- 

We observe that if one of the variables x±,x 2 ,x 3 is determined, then for the 
rest two variables there remain at most possibilities. Indeed, let x\ be 

fixed. Then denoting 

Xi = a + boXi, A = u X 1 -v b , B = -v b X 1 , 
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we get 

AX 2 X 3 + BX 2 + BX 3 = 0. 

By the condition, AB ^ and \A\, \B\ < N ^. Hence by Lemma 8, we can 
retrieve X 2 ,X 3 , and thus the numbers x 2 ,x 3 , with at most possibilities. 
Denote 

, u b v 

u o = — 77 E V' - : 77 E \ = w o > 1- 

gcd(« , Mo) gcd(w , Mo) 

We have 

u' (a + b xi)(a + b x 2 )(a + b x 3 ) = w x 

(l[a + b xi)(a + b x 2 ) + (a + b x 2 )(a + b x 3 ) + (a + b x 3 )(a + Mi)) 

Since (u' ,wo) = 1, there exists a representation 

w = wiw 2 w 3 (17) 
and non-zero integers yi,y 2 ,y 3 such that 

a + b Xi = Wiyi, i = 1,2,3. (18) 

In particular, 

u'oVmys = w x w 2 y x y 2 + w 2 w 3 y 2 y 3 + w 3 Wiy 3 yi. (19) 
We can assume that 

Wl > U>2 > > 1. 

By the bound for the divisor function, the representation (17) implies that 
there are at most N o( -^ possible values for wi,w 2 , w 3 . Let us fix one such repre- 
sentation. Having wi, w 2 , w 3 fixed, we observe that the condition gcd(a , b ) = 
1 and the equality 

a + Mi = wxy-y (20) 

imply that gcd(&o, ^i) = 1- Hence, (20) uniquely determines x\ (mod w\). 
It then follows that there are at most 

^1+0(1)^-1 + 1 

possible values for x±. Then we retrieve x 2 ,x 3 and get the bound 

J < N 1+0 ^w^ + iV o(1) . (21) 
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Next, from (19) and w\ > u> 2 > w 3 > 1 we have 
\u' \ min{|yi|, \y 2 \, |y 3 |} < Zw\. 

Thus, 

min{|yi|, \y 2 \, |j/ 3 |} < 3wj\ 

Hence, we can determine one of 2/1,2/2,2/3 with O(iyf) possibilities. Conse- 
quently, by (18) we determine one of Xi,x 2 ,x 3 and thus we get 

J<wiN°^. 

Comparing this with (21), we conclude J < N 2 ^ 3+ °^K 

□ 



8 Congruences 

In what follows, N is a large parameter, N < p. We start with the following 
result from [12] which is based on the idea of Heath-Brown [20]. 

Lemma 10. Let A ^ (mod p). Then the number J of solutions of the 
congruence 

xy = A (modp), L + I < x,y < L + N, 

satisfies 

yy3/2+o(l) 

J< 1/2 +N°U. 

pL/2 

In particular, if N < p 1 / 3 , then one has J < N ^. 

Corollary 4. Let A ^ (mod p). Then the number J of solutions of the 
congruence 

- + - = A (modp), L + l<x,y<L + N, 
x y 

satisfies 

jy3/2+o(l) 

J<-jF-+ N * 1) - 

In particular, if N < p 1 / 3 , then one has J < N ^. 
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Proof. Indeed, we have 

(x - A _1 )(y - A -1 ) = A -2 (modp) 
and the claim follows from Lemma 10. □ 

The following result has been proved in [12] (see also [8] for the extension 
of [12] to higher dimensional case). 

Lemma 11. Let A ^ (mod p) and N < p 1 ^ 8 . Then the number J of 
solutions of the congruence 

xyz = A (mod p), L + l<x,y<L + N, 

satisfies 

J < iV o(1) . 

The following lemma follows from the work of Ayyad, Cochrane and 
Zheng [1] (and from Lemma 10 when I-/1II/2I is very small). In fact, we shall 
only apply this lemma when one of the intervals starts from the origin, the 
result which had previously been established by Friedlander and Iwaniec [16]. 

Lemma 12. Let be two intervals in F* with 

\h\\h\ <P- 

Then the number of solutions of the congruence 

xy = zt, (x, z) G ii x I u (y, t) G I 2 x I 2 , 

is not greater than (|/ 1 ||/2|) 1+o( ' 1 ' ) - 

The following lemma will be used in the proof of Theorems 2 and 3. It 
is given with explicit constants to make the statement more transparent, the 
reader should not take them seriously. 

Lemma 13. Let I = {a + 1, . . . , a + N} and 

A^O (modp), A ^ {x^ 1 (mod p) : x E I}. 

Assume that 

\I\=N< V/ 18 J 2 / 9 
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where J is the number of solutions of the congruence 

x^ 1 + y^ 1 + z~ x = A (modp), x,y,zEl. 

Let also J > N £ for some fixed small constant e > and let N be sufficiently 
large. Then there exist integers A' 4 , A 4 ", A 3 with 

\A' 4 \ < 10 5 N 4 /J, |A 4 "| < 10 5 iV7J, |A 3 | < 10 5 N 3 /J 



such that 



a = — - (modp); A 1 = — — (modp). 
A3 A3 



Proof. It follows that J is the number of solutions of the congruence 

A(a + x)(a + y)(a + z) 

= (a + x) (a + y) + (a + y) (a + z) + (a + z) (a + x) (mod p) 

in positive integers x,y,z < N with (a + a;) (a + y)(a + z) ^ (mod p). 

Note that by Corollary 4 we have J < jV 1+o(1) so that N < p 1/n . We 
rewrite the congruence in the form 



xyz + (a - A + 1/2 + 22:) + 

(a 2 - 2aA~ 1 )(:r + y + 2) + (a 3 - 3a 2 X~ v ) = (mod p). 

We fix one solution (x , y , z ) and get 

(a 2 -2a\- l )(x + y + z - A ) 

+(a - X~ x )(xy + yz + zx - B ) + (xyz - C ) = (mod p). 



(22) 



(23) 



where 

^0 = x + y + z Q , B = x y + y z + z x , C = x y z 
We use some ideas from [9] . Define the lattice 

r = {(u,v,w) e Z 3 : (a 2 -2aX' 1 )u + {a- X'^v + w = (mod p)} 
and the body 

D = {(u,v,w) G M 3 : \u\ < 3N, \v\ < 3N 2 , \w\ < iV 3 }. 
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Since any given vector 

(x + y + z — A , xy + yz + zx — B , xyz — Co) 
defines the values of x, y, z with at most 6 possibilities, we have 

|£>nr| > J/6. 

Therefore, by Corollary 3, the successive minimas A; = Aj(/J,r), i = 1,2,3, 
satisfy the inequality 

3 

JJmin{l,Ai} < 1000 J" 1 . 

i=l 

In particular, we have Ai < 1. By the definition of \, there are linearly 
independent vectors 

(ui,Vi, Wi) e XiD n r, % = 1,2,3. 

We consider separately the following three cases. 

Case 1: A 3 < 1. Thus, we have AiA 2 A 3 < 1000J" 1 . We consider the 
determinant 

(Ml Vi Wi 
u 2 v 2 w 2 
u 3 v 3 w 3 

Clearly, 

|A| < 6^ 6 A!A 2 A 3 < 6000iV7J < p. 
Thus, |A| < p. On the other hand, from 

(a 2 - 2a\~ 1 )u i + (a - X'^Vi + Wi = (modp), i = 1,2,3, 

we conclude that A is divisible by p. Therefore, A = 0, which contradicts 
the linear independence of the vectors (ui,Vi,Wi), i = 1,2,3. Thus, this case 
is impossible. 

Case 2: Ai < 1, A 2 > 1. Since A 2 > 1 we see that 

(x + y + z — A , xy + yz + zx — B , xyz — Co) 

and (ui,Vi,Wi) are linearly dependent. Therefore, one of the two conditions 
hold: 
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(i) x + y + z - A = 0; 

xyz =^(x + y + z) + C -^A , 
xy + yz + zx = %(x + y + z)+B - f^A , 

If a solution (x,y,z) satisfy (i), then our congruence (22) can be written in 
the form 

(x + a - i j (y + a - i j ^ + a - ^ = A' (mod p). 

Since A ^ J -1 (mod p), we have A' ^ (mod p). Hence, by Lemma 11 the 
solutions counted in (i) contributes to our J at most the quantity N°^\ 

If a solution (x,y,z) satisfy (ii), then Lemma 7 and the bound for the 
divisor function implies that one of the variables x, y, z is determined with at 
most N o( -^ possibilities. Therefore, by Corollary 4 we get that the solutions 
counted on (ii) contributes to our J also at most the quantity N olyl \ 

Thus, we get J < contradicting our assumption that J > N £ . 

Therefore, Case 2 is impossible. 

Case 3: X ± < 1, A 2 < 1, A 3 > 1. 
Thus, AiA 2 < 1000J- 1 . Next, 

Ul Vl )( a2 ~ 2a X) = ( ~ Wl ) ( 24 ) 
, «2 v 2 J \ a - A J \ -w 2 J 

Let 

A 3 = detf Ml V '),A 5 = det( ~ Wl Vl ), A 4 = det ( Ul ~ Wl 
\ u 2 v 2 J \ —w 2 v 2 J \u 2 —w 2 

We have 

|A 3 | < 2000N 3 /J, |A 5 | < 200(W7J, |A 4 | < 2000iV 4 /J. (25) 
We observe that 

A 3 ^0 (modp). (26) 
Indeed, assuming the contrary, from the congruence (24) we get 

A 3 = A 5 = A 4 = (modp). 
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Taking into account (25), this implies that 

A 3 = A 5 = A 4 = 0. 
It then follows that the rank of the matrix 

Ui V\ Wi 

u 2 v 2 w 2 

is strictly less than 2, which contradicts the linear independence of the vectors 
(ui,Vi,Wi), i — 1,2. Thus, we have (26). Hence, 

a 2 — 2aA _1 = ^ (modp), a — A~ x = ^ (mod p). 
A3 A 3 

Using (22), we also have 

a 3 — 3a 2 A -1 = — - (mod p), 
A 3 

for some integer A 6 with 

|A 6 | < Q00W 6 /J. 

We have 

2 _ A 2 A 5 _ Aj - A 5 A 3 

= a|"a7 = ^ — (modp) - (27) 

Furthermore, substituting A -1 = a — (A 4 /A 3 ) in the other two equations we 
get 

A 3 a 2 - 2A 4 a + A 5 = (modp), 
2A 3 a 3 - 3A 4 a 2 + A 6 = (modp). 

It follows that 

A 4 a 2 - 2A 5 a + A 6 = (modp). 
Consider the polynomials 

P(Z) = A 4 Z 2 - 2A 5 Z + A 6 , Q(Z) = A 3 Z 2 - 2A 4 Z + A 5 . 

Since 

P(a) = Q{a) = (modp), 
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we have 

Res(P,Q)=0 (modp). 

On the other hand 

|Res(P,Q)| < 10 18 iV 18 / J 4 < p. 

Thus, 

Res(P, Q) = 0. 

It then follows that the polynomials P(Z) and Q(Z) have a common root. 
If Q(Z) is irreducible in Q[Z], then Q(Z) and P(Z) are linearly dependent, 
implying that 

A4 = A 5 A 3 . 

In view of (27) this is impossible. Hence, Q(Z) is irreducible in Q[Z], and 
therefore its discriminant is a square of an integer. Thus, 

A4 - A5A3 = m 2 , m G Z+. 

It then follows that m < 10 4 iV 4 / J. Furthermore, 

\- 2 = —^ (modp). 
^3 

Hence, 

A" 1 = ^ (mod p), I A; I = m < 10 4 N 4 /J. 
A3 

Consequently 

A A " 

^ 4 , \-l - ^4 / , x , A „, 1n 5 A r4 



a = -^ + \- l = =^- (modp), |A 4 "| < 10 5 AT 4 /J. 
A3 A 3 



□ 



9 Proof of Theorems 1—5 
9.1 Proof of Theorem 1 

Let / = [a + 1, a + N]. We first consider the case N < p^k~ . Thus, we are 
aiming to prove that in this case one has the bound 

J 2k <N 2k2 / (k+1 ^ o(1 l 
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Put 



V = [ N (k-i)/(k+i^. Y = [N 2 ^ k+ % h = [a + 1, a + 2N}. 



First we define an appropriate subset V G [0.5V, V]. For a given v G [0.5V, V] 
define the function rj v : I\ — >■ Z + by 

r) v (u') = ^(u'^Vi) G Ji x [0.5V, V]; it'^i = t^u (mod p)| 

By Lemma 12, 

£ e ^K) < iv i+o(i) v. 

u'eh ve[o.5V,v] 

Therefore, there is a subset V G [0.5V, V] with |V| ~ V such that 



Vv(u') < iV 1+o(1) for any v G V. 



(28) 



For any fixed integers G V = [0.5V, V] and t> G V the quantity J 2k does 
not exceed the number of solutions of the congruence 



1 



+ ... + 



1 



1 



+ . . . + 



1 



2k 



u x - vy± u k - vy k u k+1 - vy k+1 u 2k - vy 2k 

in integers G I±. Thus, summing up over y { and v G V we get 

" ra =o v&v u'eh yey 
For f G V and B of the form B = 2 s < N, denote 

S v , B = {u'eh; 0.55 < n v (u') < B^. 
7V 1 +°( 1 ) 



(mod p) 



(29) 



Hence 



and since v G V, by (28) 



B 



(30) 
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From (29) we clearly have 



Y 2k VJ 2k 



y B n=o vev u'eS V;B yey 



2k 



Hence, by the Holder inequality and (30), we get, for some fixed B, 

n=o veV u'eS v , B yey 



Y 2k VJ 2k < 



p \BJ 



2k 



(31) 



The quantity 



2fc 



n=o t>ev «'eS„ iS yey 
is bounded by the number of solutions of the congruence 

1 11 1 



+ . . . + 



+ . . . + 



u' - vyi u' - vy k u' - vy k+1 u' - vy 2k 

in variables v <EV,u' G S Vt B,y £ 3^- Thus, we obtain the bound 



(mod p) 



2k , N 1+o( -V , 

< y fc y — - — + Y 2k B. 



;EE E lE^'-^n 

^ n=o «ev «'es„, B yey 
Hence, from (31) we get 

i\/H-o(i) \ 

y 2fc y j 2fe < N 2k - 1+ °w s- 2k+l ( Y k V - + Y 2k B) 



B 



Thus, 



A7-2fc-l+o(l) „, 2 

fc+i 



which proves the result in the case N < p ^ . 

Let now iV > p~ . We split the interval I = [a + 1, a + N] into K ~ 

fc+1 fc + 1 

A/p 2F~ subintervals of length at most N\ = p^~ . Thus, for some intervals 
. . . , l( 2k ^ of length Ni we have the bound 



2k f N \ 2k 

■hk < K R 2k ( fc+1 ) R 2k , 

\p 2k ' 
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where R 2 k is the number of solutions of the congruence 
— + ... + — = + ... + — (modp), Xi e i = l,...,2k. 

X\ Xk %k+l X2k 

Expressing the number of solutions of this congruence in terms of exponential 
sums, applying the Holder inequality we get that 

2k 

R2k < l[(R2 k (i)) 1/2k , 

i=l 

where R 2 k{i) is the number of solutions of the congruence 

— + ... + — = — !— + ... + — (modp), x u . . . ,x 2k e / (<) . 

Xi X k X k +l X 2 k 

Thus, for some fixed i = io one has 

R2k < #2fc(«o)- 

( ' \ fe+1 

Since \I^>\ < N t = p 2k ; we already know that 

R2k(to)<Nf /{k+1)+oil) =p k N°V. 

Thus, 

■/*<(- sr ) P k N°U = , 

which concludes the proof of Theorem 1. 



9.2 Proof of Theorem 2 

Let I = {a + 1, . . . , a + iV}. We can assume that iV is large and J > 
iV 2 / 3 log N, as otherwise there is nothing to prove. The conditions of Lemma 13 
are satisfied, so that there exist integers A4, A 4 " and A 3 with 

K| < iV 10 / 3 , |A/| < iV 10/3 , |A 3 | < N 7 / 3 

such that 

A' _ A" 

a = — — (mod p); A 1 = — — (modp). 
A3 A 3 
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Substituting this in 

A(a + x)(a + y)(a + z) 
= (a + x)(a + y) + (a + y)(a + z) + (a + z)(a + x) (mod p) 

we obtain 

(A;+A 3 x)(A; + A 3 y)(A; + A 3 z) = A' 4 '{(A' 4 + A 3 x)(A' 4 + A 3 y) 

+ (A! + A 3 y)(A^ + A 3 z) + (A! + A 3 z)(A' 4 + A 3 x)} (mod p). 

The left and the right hand sides are of the order of magnitude 0(N W ) = 
o(p). Thus, the congruence is converted to the equality 

(A' 4 +A 3 x)(A' 4 + A 3 y)(A' 4 + A 3 ^) = A'i[(A' 4 + A 3 x)(A^ + A 3 y) 

+ (A' 4 + A 3 y)(A' 4 + A 3 ^) + (A; + A 3 ^)(A; + A 3 x)} 

and the claim follows from Lemma 9. 

9.3 Proof of Theorem 3 

Let I — {a + 1, . . . , a + N}. The statement is equivalent to the claim that 
for any e > one has the bound 

J 6 < N 3+£ , 

where the implied constant may depend only e. 

Observe that for any j e Z there are Uj, Vj G Z such that 

^-=j (modp); {ujl^p^ 2 , < \vj\ < p 1/2 . (32) 

V 3 

This follows from the fact that among more than p numbers 

u + jv, < u, v < [p 1 ^ 2 ] 

there are at least two numbers congruent modulo p. We also represent a in 
this form, that is 

a = ^- (modp); \a \ < p 1/2 , < |6 | < p 1/2 . (33) 
% 

34 



Let Tj be the number of solutions of the congruence 

111 

H 1 = j (mod p); 1 < x±, x 2 , x 3 < N. 



a + x\ a + %2 a + x% 
We have 

p-i 

3=0 

and 

p-i 

3=0 

From Corollary 4 it clearly follows that Tj < N 1+ °^\ Therefore, it follows 
that the contribution to Jq from j G U 0} (mod p) is 

T? < (N + 1) max Tj < jV 3+o{1) . 
o<j<p-i 3 

jSJ-^O (mod p) 

Furthermore, the contribution to J 6 from those j for which Tj < N°- l£ is less 
than 

p-i 

N°- l£ Y,Tj < N 3+0 - l£ . 

3=0 

Thus, if we denote by Q the set of integers j with 

l<j<p-l, J^r 1 (modp), \Tj\ > 7V ai£ , 

then 

J 6 <jV 3+0 - 2e + ^T?. (34) 

Now for each j we apply Lemma 13 (where J is substituted by Tj and A by 
j. Then there exist numbers A^-, A^-, A 3 j with 

A^ < A^ 4 , A 4 / < iV 4 , A 3j < AT 3 

such that 



a 



A' A" 



(modp); j = — 2 (modp). 



A 3 , v J A 3i 
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Comparing this with (32) and (33), we see that 

a A' v A" 

a = ~r = ir 1 ( mod p); -T 1 = — = ir 1 ( mod p)- ( 35 ) 

t>o A 3j uj A 3j 

Taking into account the inequality conditions on N, clq, bo, Uj, Vj, we see that 
we have equality 

^ = % V -L = ^k. (36) 
bo A 3j uj A 3j 

Now we represent the congruence corresponding to 7} in the form 

xix 2 x 3 + (a - j~ 1 )(xix 2 + x 2 x 3 + x 3 xi) 

+ (a 2 - 2aj~ 1 )(x 1 + x 2 + x 3 ) + (a 3 - 3a 2 j' 1 ) = (mod p). 

Using (35), we substitute a and j~ l , implying 

XiX 2 X 3 + I — -J- - — - ) (XiX 2 + X 2 X 3 + X 3 Xx ) 
\A 3j l\ 3 j/ 

■A' A 2 A', A" 



+ ((i) 3 -K^) 2 £)-<> Hd* 



After multiplying by A| • the left hand side becomes an integer of the size 
0(N 12 ) = o(p). Thus, the resulting congruence is converted to the equality, 
and dividing by A 3 ^ we get 

x x x 2 x 3 + — (XiX 2 + X 2 X 3 + X3X1) 

V A 3 j l\ 3 j J 



+((S-(S 2 Sh- 
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We use (36) and write this equality in the form 

XlX 2 X 3 + - (XiX 2 + x 2 x 3 + X 3 Xi) 

V b Uj / 

V 6n % Uj / 



Consequently we get 



I | — _J. (37) 

(a /6 ) + x l (a /b ) + x 2 (a /b ) + x 3 vj ' 

Thus, for j e Q the quantity Tj is just the number of solutions of the dio- 

phantine equation (37) in positive integers x±,x 2 ,x 3 < N. Since Uj/vj are 

pairwise distinct, we get that the quantity Yl Tj is not greater than the 

jen 

number of solutions of the equation 

1 1 1 

+ 1 77^ + 



(a /b ) + x x (a /b ) + x 2 (a /b ) + x 3 

1 1 1 

+ ~, 7T-, + 



(a /b ) + x 4 (a /b ) + x 5 (a /b ) + x 6 
in positive integers x\,...,x% < N. Therefore, by Lemma 6 we get that 

y^T 2 < iv 3+o(i) . 



jen 



In view of (34), this completes the proof of our theorem. 



9.4 Proof of Theorem 4 

Let / = {a + 1, . . . , a + N}. Using standard arguments involving Holder's 
inequality (combined with inductive process), it suffices to show that the 
contribution from the set of solutions with pairwise X\,...,x 2 k is N k+ °^K 
Thus, in what follows, we consider x\, . . . ,x 2 k pairwise distinct. 

For each solution x = (xi, . . . ,x 2 k), we consider the polynomial Pg(Z) 
defined as 

\{{Z + Xi ) + ... + \{{Z + Xi )- J] (Z + Xi ) - . . . - Yl (Z + x^. 

i^l i^k i^k+l i^2k 
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Clearly, degP^(Z) < 2k — 2. Note also that Pg(-Xi) ^ 0. In particular, 
Pg(Z) is not a zero polynomial, and since Pg(a) = (modp), it is not a 
constant polynomial neither. Clearly, Pg(Z) has the form 

2k-2 
i=0 

where |aj| <C A^* +1 . We fix one solution 

(Xi, . . . ,X 2 k) = (Cl, . . . ,C 2 fe) 

and consider the polynomial P^(Z) that corresponds to (ci, . . . , C2fc). Since 

Pg(a) = P s {a) = (modp), 

we get that 

Res(P :? (Z),P c? (Z)) = (modp). 
On the other hand, Pg(Z) and Pc(Z) satisfy the condition of Lemma 2 with 

a — 9 — 1, m = n = 2k — 1. 

Hence, 

Res(P :£; (Z),P^))«iV 4fe2 - 4fe . 
Therefore, assuming iV < p 1 /( 4fc2 ) ) we get 

\Res(Pg(Z),P s (Z))\<p, 

whence 

Res(Pj(Z),P^(Z)) = 0. 

It follows that for every solution x — (x±, . . . , a^fc) the polynomial Pg(Z) has 
a common root with P?(Z). Since Xj are pairwise distinct, the condition 
Pg{p) = implies that Xt + a ^ 0. Thus, Lemma 6 implies that for every 
root a of Ps(Z) the equation Pg(a) = has at most jV fe+o(1 ) solutions in 
positive integers Xi < N. The claim now follows. 
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9.5 Proof of Theorems 5 and 6 

First we prove Theorem 5. It suffices to consider the case kN k ~ 1 < p as 
otherwise the statement is trivial. For A = 0, 1, . . . ,p — 1 denote 

J(A) = |(xi,...,x fe ) G I k : :ri + ... + 4 = A (modp)}. 

Let 

n = {AG[l,p-l]: |J(A)|>1}. 
Since J(0) = 0, we have 

xen 

Consider the lattice 

T A = {( u , v) G Z 2 : Am = v (mod p)} 

and the body 

D = {(u,v) G M 2 : \u\ < N k , \v\ < kN^ 1 }. 

Denoting by Hi, fJ, 2 the consecutive minimas of the body D with respect to 
the lattice T\, by Corollary 3 it follows 

nminj/ii, 1} < — — . 

i=i 1 

Observe that for {x\, . . . , x k ) G J(A) one has 

Axi . . . x k = x 2 ■ ■ ■ x k + ■ ■ ■ + xi . . . x k -i (mod p) , 

implying 

(x ± . . . x k , x 2 ■ ■ ■ x k + . . . + x 1 . . . x k -i) eT x nD. 
Thus, for A G f2 we have fii < 1. We split the set O into two subsets: 

Q' = {A G n : [i 2 < 1}, n" = {A e (J : H2 > 1}. 

We have 

^=El J ( A )| 2 +El J ( A )! 2 - (38) 
xen' xen" 
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Case 1: A £ O', that is /i 2 < 1. Let (u i: Vi) G /ij-D fl T A , i = 1,2, be 
linearly independent. Then 

^ det ( Ul Vl )=0 (mod p), 
\ u 2 v 2 J 



whence 



Also 



det 



ui v 1 
u 2 v 2 



> 



p. 



det 



u 2 v 2 



- pp - tod 



Thus, for A G fl', the number \T\ D D\ of solutions of the congruence 

\u = v (mod p) 
in integers u,v with |u| < N k , \v\ < kN 1 '' 1 is bounded by 



Ta n D\ < 



v 



(39) 



Therefore, if we denote by S(u, v) the set of /c-tuples (xi, . . . , Xk) of positive 
integers xi, . . . , Xk < N with 



we get 



Xi . . . x k — u, x 2 ■ ■ ■ x k + ■ ■ ■ + Xi . . . X k ^i = V, 



Ewa)i 2 = E( E E : 



\en> 



xew (u,v)ev x nD (x lt ...,x k )eS(u,v) 



Applying the Cauchy-Schwarz inequality and taking into account (39), we 

EiW = ^E E ( E 2 

agH' ^ ago' (u,»)er A nD (xi,...,x k )eS(u,v) 

The summation on the right hand side is clearly bounded by the number of 
solutions of the system of equations 



x 1 ...x k = y 1 ...y k , 

x 1 ... x k -i + . . . + x 2 . . . x k = y 2 ■ ■ ■ yk + ■ ■ ■ + yi ■ ■ ■ yk-i, 
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in positive integers x^y^ < N. Hence, by Lemma 4, it follows that 



\JW\ 2 < 30k(2k) 80k \\ogN) 



V 



(40) 



Case 2: A G Q", that is ji 2 > 1. Then the vectors from T(~)D are linearly 
dependent and in particular there is some A G Q such that 

Xx 1 ...x k — x 2 ...x k + ... + x 1 ...x k - 1 for (xi, . . . ,x k ) G J(A). 

Thus, 

£ l^(A)r<E|{(^i,...,a; fc )G/ fc : — + ... + — = A 

= |{(x 1 ,...,x 2fc ) G [l,Af fe : l + ... + l = J_ + ... + ^ 
<(2A;) 80fc3 (logAT) 4fe2 Ar fe . 
Inserting this and (40) into (38), we obtain 

J2,<(2A;) 90fc3 (logiV) 4fc "(:— 1)Y 



1.2 /iV 



V p 

which concludes the proof of Theorem 5. 

The proof of Theorem 6 follows the same line with the only difference 
that instead of Lemma 4 one should apply the bound 



\{(x 1 ,...,x 2k )e([i,N]nV) 2k 



l l l 
— + ... + — = 

X\ X k X k +l 

N \k 



+ . . . + 



-}l 

X2k > I 



10 Proof of Theorems 7-13 
10.1 Proof of Theorem 7 

It suffices to deal with the case = [p 1 / 18 ], I/2I = [p 5 ^ 12+£ ] and e < 0.1. Let 
W 2 = ^2 ^2 a i( x i) a 2(x 2 )e p (axlx2) ■ 
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We take k = [1/e] and apply the Holder inequality; 
\W 2 \ k ^Ihl'- 1 J2 | E ^(x 2 )e p (axlx*) 

= l / i| fc_1 E| E a2(yi)...a 2 (y fe )e p (a^(y 1 * + ... + ^)) 

= |/ 1 | fc - 1 ^ ( E tt2 ^) • • • a 2(yk)ep(ax*M + ...+ y£))) 

<i'ii fe_1 E |E^) e >^i + ---+^))> 

y!,...,y k &I 2 xiS/i 

where #(2;) some complex numbers with |#(a;)| < 1. We again apply the 
Holder inequality and obtain 

m , k <| 7l |3*-3| /2 | 2fe |X)^i)epW(yr + --- + y*))" 

yi,...,y fe g/2 ne-fi 
p-1 

= |/i| 3fc - 3 |/ 2 | 2fc E T ( A )| E ^i)e p «A) 
A=o sie/i 

where T(A) is the number of solutions of the congruence 

y* + ■ ■ ■ + vi = ^ ( mod p), yi e ^ 2 - 

We apply now the Cauchy-Schwarz inequality and get 

p— 1 p— 1 

|^ 2 | 6fc <|/i| 6 ^ 6 |/ 2 | 4fe (E T ( A ) 2 ) E| E ^iK«A) 

A=0 A=0 xieh 

By Theorem 1, we have 

p-i 

^T(A) 2 < |/ 2 | 2fc - 2 + 1 /(fc+l)+o(l) < |j 2 | 2 fc- 2 +e 
A=0 

Furthermore, 

p -\ 6 

E| E ^(^i)e P (aa;IA) < pJ 6 , 

A=0 xiS/i 
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where J 6 is the number of solutions of the congruence 

2/1+2/2+2/3=2/4 + 2/5 + 2/e (moo», ViEh. 
By Theorem 3, we have J 6 = | ^1 1 3H_o(:L) - Thus, 

\w 2 \ 6k < p|/ii 6fe " 3+o(i) i/2r^ 2+e - 

Since p <C |ii| 3 |.r 2 | 2 p _2£ , the result follows. 



10.2 Proof of Theorems 8, 9, 10 

Let 

S = ^2 ^2 a i{ x i) a 2{x2)Gp{axlx* 2 ). 
Then by Holder's inequality 



1 5-| fa < N i»-i J a 2 (x 2 )e p (axlx* 2 ) 

xi€h x 2 eh 



k 2 



Thus, for some a(x±) G C, |cr(xi)| = 1, 

|5|fa < N p-i J- I £ a{ Xl )e p {ax\{yl + . . . + y* k2 



Again by Holder's inequality, 



|5|fcifc 2 < N k lk2 -k 1N k lk2 -k 2 J2 J fc2 (A;iV 2 )| v(xi)e P (axl\ 

A=0 xieh 

where Jfc(A; TV) is the number of solutions of the congruence 
x{ + ... + x* k = X (modp), Xie[l,N}. 
Then applying the Cauchy-Schwarz inequality and using 



fci 



p— 1 p— 1 

^4 2 (A; iV 2 ) 2 = J 2fe2 (AT 2 ), £| £ a(x 1 )e p (ax* 1 X 

A=0 A=0 xie/i 



2A-i 



<pJ: 



2ki 
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we get 




(41) 



\S\ 2klk2 < (2k 1 ) 90k " (2k 2 ) 90k * (log N,)^ (log N 2 ) 4k * x 



/N kl ~ 4 n 1 / 2 \ //V fe2_1 




Thus, 



<(2k 1 ) 45k ' /k2 (2k 2 ) A5k ^ kl (\ogp) 2{ i 
/iVf 1 " 1 pV2x i/(2fcifc2) /A^ 2 " 1 




,1/2 x l/(2fcifc 2 ) 



which finishes the proof of Theorem 8. 

To prove Theorem 9, we note that if 1 < N < p, then as a consequence 
of Corollary 4, the number of solutions of the congruence 

1111 

1 = 1 (mod p), L + 1 < xi, x 2 , X3, X4 < L + N 

X\ x 2 x 3 x^ 

is bounded by AT 2 +°( 1 ) (jy 3 / 2 ^ 1 / 2 + 1). Following the proof of Theorem 8 with 
k\ = k 2 = 2 and applying this bound with [L + 1, L + N] = Ii, we derive 
Theorem 9. 

To prove Theorem 10 we use (41), where in this case J 2 kX^i) is the 
number of solutions of the congruence 



x 1 + . . . + x k — x k+1 + 



+ x. 



.-1 

2k ) 



(xi, . . .,x 2k ) e 




Since 



Ni < p 2fc i 



N 2 < p 2fe 2 , 



by Theorem 1 we have 



J 2kl (N 1 )<Nl 




J2k 2 (N 2 )<N 2 h 



2fc 2 



Incorporating this in (41), the result follows. 
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10.3 Proof of Theorem 11 

Denote 

W n 



• • • ai(zi) • • • a n (x n )e p (axl ...x* n ) . 
Applying n times the Holder inequality and using that for \a(v )| < 1 one has 
^2,1^2 a(v)e p (auv) < ^ |y^e p (q(t;i + v 2 + ^3 — ^4 - ^5 — v&)u) 



U V Vl,...,Vg u 

it follows that 

W/f < N n6n ~ 6n x 

x ^ ••• J] e p (a(x* u + . . . - x* 16 ) ...«! + ...-< 6 )). 

xn,...,xi6G/i x n i,...a; n 6S/n 

We can fix 2^4, Xj5, Xj% such that for some integers Cj 

r% n s- 7\m6 n -3n| 



Wl < N T ' 



E - E {■■■} 

Xll,X12,X136/l X n l,X n 2,X n Z&In 



where in the brackets {...} we have the expression 

e p (a(x 11 + x 12 + x 13 — Ci) . . . (x nl + x n2 + x n3 — c n )). 
Let Tj(A), j = 1, . . . , n, be the number of solutions of the congruence 
x\ + x* 2 + £3 — Cj = A (mod p), xi, x 2 , x 3 e ij. 

Then we get 

p— 1 p— 1 



n6 n -3ra 



W£ < N' 



Now we observe that 



J2 ■■■ J2 Tl ( Al ) • • • T n(A n )e p (aA! . . . A n ) . (42) 

Ai=0 A n =0 



A=0 



and also by Theorem 3 we have 



< 



jy-3+o(l)_ 
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Furthermore, 



n(E( z P) 2 ) 1/2 < jv - s " /2+ ° (i, <f- 1 ' 



1/2-5 

' V x* J J 

3=1 A 

for some 5 = S(e,n) > 0. Thus, we can apply Lemma 1 with 

/ \ T j( x ) 
^ = ~nT- 

This implies that 

. p- 1 



^2 T i(^i) • • ■T n (Xn)e p (a\ 1 . . . A n ) 



A„=0 



< N 3n p- S '. 



Inserting this into (42), we conclude the proof. 
10.4 Proof of Theorem 12 

Let c < 1/4 be the constant that satisfies Theorem 4 and take C = 9c~ 2 . In 
particular, we can assume that n > Sc" 1 . Clearly, we can also assume that 
X = [j9 9 /( cn )]. For k = [cn/3] we have 

Thus, for every j the number of solutions of the congruence 

y* + ■ ■ ■ + vl = yt+i + • • • + ylk ( mod p), yi,---, V2k e ij, 

is bounded by X k+ °^\ Letting 

W n = | ^2 ■ ■ ■ a iM ■ ■ ■ ®n(xn)e p (axl . . . x* n ) 

xi€h x n €l n 



we have 



W {2kT < JV n(2fc)»-2fcn £ ^ e p (a{...}) 

a; lli---i^(2fe)iG-fi xi n ,...,a;(2fc) n e-fn 



where {...} denotes 



+ • • • + X*kj — x *k+l)j — • • • — x *(2k)j)- 
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We can fix x^+i)j for all i = l,...,k and j = 1, . . . , n such that for some 
integers c± , . . . , c n we have 

W (2 kr < N n(2kr-kn | £ _ £ e>{...}) 

xii,...,Xki6Ji 

where {...} denotes 

(#1! + . . . + — ci) . . . + . . . + a;£ n — Cn). 

Thus, 



p— 1 p— i 

^ 2fe) « < ^(akr-fcn I ^ ^ Ti(Ai) Tn(An)ep(aAl . . . An) 

Ai=0 A n =0 

where Tj(Xj) is the number of solutions of the congruence 



y* + ■ ■ ■ + vl - c o = x j ( mod p)> (j/i> • • • > J/*) e J i • 



We have 



y ZK^l <i. 



Furthermore, by Theorem 4 

A,=0 



< - < N- k+0 ^ < „- 



and 



n p— 1 



n(E (^) 2 ) 1/2 < < P - i/2 - 5 

3=1 A j= 

for some 5 = S(e, n) > 0. Here we used that 

N = [ p 9/(cn 2 )j. N kn/2 > jycn 2 / '12 ^ p 3/4^ 

Thus, we can apply Lemma 1, leading to 

p— 1 p— 1 

£ ... T i( A i) • • • ^(An)ep(aAx . . . A n ) < N 2hn p- 5 ' 

Ai=0 A„=0 

for some 5' = S'(e,n) > 0. Joining this with (43), we conclude the proof of 
Theorem 12. 



(43) 
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10.5 Proof of Theorem 13 

Put Nj = \Ij\. Removing, if necessary, intervals Ij with Nj < p 6 /^ we 
can easily reduce the problem to the case when Nj > p e ^ 2n ^ for all j and 
Ni . . . N n > pV2+e. Also note that if Nj > pVa+e/aon) ? then the claim f u ows 

from Weil's bound for incomplete Kloosterman sums. Thus, we can also 
assume that Nj < p 1 / 2+£ /( 10n ) fo r a \\ j. Then those intervals Ij for which 
Nj > p 1 / 2 we refine to subintervals of sizes p 1 ^ 2 and thus can assume that 

p e/(2n) < N . < p l/2 for gjj j Ag&in 

we can refine the intervals in an obvious 
way and eventually reduce the problem to the case when 

p l ' 2+e <N l ...N n <2p 1 / 2+e 

and 



p e/{2n) < N . <p l/2 ) J = 1 ; 2,...,n. 



Let 



(44) 



Wn =| 53 " " " 53 tti(^i) • • • a n (x n )e p (axl . . . x* n ) . 

Taking k — [2/e] and consequently applying Holder's inequality n times, we 
get 

W^ n <{N x ...N n )^ n - 2k x 

p—i p—i 

53 • • • 53 ■ ■ ■ T n {K)e p {a\i . . . A n ), 

Ai=0 A„=0 

where Tj(Xj) is the number of solutions of the congruence 

(y*i + --- + y* k ) - (yl+i + ■■■ + ?4) = ^ (mod P ), ( Vl , y 2k ) e if. 

Now we observe that 

E T A\) < i 
a j= o J 

Furthermore, by Theorem 1 

Mil^ V . . A7 ~2+l/(2fc+l)+o(l) _i 

V iV 2fc / iV 4fc j 

A„=0 J J 
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and 

n(E ( W)T /2 < w ■ ■ ■ w < »- 1,2 - s 

j=l \ j=0 3 

for some 5 = 5(e,n) > 0. Thus, we can apply Lemma 1, leading to 

p— i p— i 

■■■ T i( A • • • ^(An)e p (aA! . . . A n ) < (N, . . . N n ) 2k p- 5 ' 

Ai=0 A n =0 

for some 5' = 5'(e,n) > 0. Joining this with (44), we conclude the proof of 
Theorem 13. 



11 Proof of Theorem 14 

We need the following consequence of [7, Theorem 7] . Let /i, v be positive 
probability measures on R supported on [—1, 1], a, (3 complex functions on 
R; H, \/3\ < 1. Let (el, |f | > 1. Then 

j J a(x)/3(y)e^M^)K^)|<<ler 1/2 ||/i*^dl 2 ll^*^ll 2) (45) 
where 5 = (100|^|) 1 and 



5- 1 if tG [-§,§], 
otherwise. 

Note that (45) is very simple, the paper [7] contains also multi-linear versions 
derived from discretized ring theorem, but we do not need them here. 
Let us give a direct proof of (45). For the brevity write (p — (p$- Since 

we have, for |A| < (10<5) _1 = 10£ and \y\ < 1, 



\ < £(A) < i, 



< 2. 



Write for x : y E [—1, 1] 



e 1 ^ = / <p( s - x)e^ sy ds. 
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Hence, 



J J a(x)/3(y)e ix y^(dx)u(dy) 



< 




e^ sy v(dy) ip(s - x)fj,(dx)ds 



where 



vi(ts)(ii*ip)(s)ds, 



-3— = ^77 r , hence 1/1 < 2i/. 
dv (p{£y) 



Since supp(yU * ip) C [—2, 2], it follows from (46) that 




Next, for |s| < 2 



Therefore 



1^(^)1 < 2|^(^)^)| = 21(1^*^(^)1. 

Fi(e-)ii|[-2, 2] <2ier i/2 ii(^*^ni 2 

= 2\^'\2^\\v l * V \\ 2 
<^fl%\-^\\v^\\„ 



and inequality (45) follows. 
Let e(z) = e tz . Denoting 

s = E«(—f). 

ni~ATi 

we estimate 

x anrAwef^f— + ... + — V— + ■ 

nn,...,nifc 1 ~JVi 

«.21,---,™2fc 2 ~-' V 2 



^lfci' ^21 
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where = (un, . . . , n ik .) and 



and |a%j-| = 1/3^1 = 1. Thus, for some complex coefficients a(x) and (3{y) 
with |a(x)| = \fi{y)\ = f we have 

\S\ k ^ < (NiN 2 ) k ^\ J J a (x)P(y)e[j^-xy)^dx)u(dy) , 

where \i is obtained as normalized image measure on R under the map 

{rii ^ Ni} kl — )> IR : (ran, ra lfel ) ->■ Wi ( — + ... + ) 



and similarly for v. 

Set 5 = g^j. It follows from (45) that 



(47) 



Next we estimate * V'tfIL- Note that if Ij is a partition of R in (^-intervals, 
then 



Ei N N 
(ni, . . . , n k ); ~ N and h . . . H G /, 



ni 



< 



(ni, . . . ,n 2 fc); n { ~ N and 
Thus, it follows that 



1 1 1 
— + ... + 

ni n k n k+ i 



1 

n 2 fc 



< 



TV 



where 

T(iV) = (ni, . . . , n 2k ); rn~ N and 
Let us prove that 

4fc 2 Arfc, 



(48) 



1 1 1 
— + ... + 

ni n k n k+1 



1 

n 2k 



< 



N 



T(N) < c(k)(\og N)^N k (l + 5N 2k - 1 ). 
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For A G Q, denote J(A) the number of solutions of representations of A as 

1 1 

A=— + ... + — , rii~N. (49) 
ni n k 

By Lemma 4, 

J2 J ( X f ^ c(k) N k {log N) 4k \ 

A 

Also note that different A's are at least ~ N~ 2k separated. Hence an interval 
I C M. of size 5/N contains at most 1 + N^^d elements of the form (49). 
Therefore, 



T(N)< £ j(l + ... + -M(l + iV 2fc ^) 

ni,...,n fc ~A r 

<(1 + iV 2fc-1 5) J2 J ( A ) 2 < c(A;)AT fc (log A^) 4fc2 (l + N^S), 



which establishes the required bound for T(N). 
Thus, from (48) we get 

h*<Ps\U < cihXlogN^S-^N-^il + SN 2 ^- 1 ) 1 / 2 - 

Similarly, 

\W*<P5\\* < c(A; 2 )(logAT 2 )^r 1 / 2 iV- fc2/2 (l + ( 5iVf 2 - 1 ) 1 / 2 . 
Inserting these bounds into (47), we get 

\S\ klk2 <c(h)c(k 2 ) (log 7Vi) 2fel (log N 2 ) 2k2 (N 1 N 2 ) klk2 x 

^i/2 N - kl + sv 2 N* i - i y /2 (6- i ' 2 Nt h * + s^N^y 12 . 



x 



Recalling that 5 = we conclude the proof. 



12 Some applications 

In this section we apply Theorem 14 to prove Theorem 15 on ir(x) — tt(x — y) , 
and apply trilinear exponential sum bounds to prove Theorem 16 on a linear 
Kloosterman sums and Theorem 17 on Brun-Titchmarsh theorem. 
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12.1 Proof of Theorem 15 




12(6'- 1 + + 0.5) + 1-6* 



increases in £ [0,7/12], so we can assume that y = x e . Going over the 
argument of [18, p. 269], (13.56) gives a bound on R(M,N) of the form 



with u ~ x and 1 < h < H = MNy 1 x £ . Here M, N may be chosen 
arbitrarily with 

MN = D>y 
(see [18, Theorem 12.21]) and we need to ensure that 

R(M, N) < yx' £ . 

We may then state an upper bound 




tt(x) — n(x — y) < 



\ogD 



Thus, 




(50) 



n~N 



n~N 



where 



D < x < £ < — x 

y 



Take k satisfying 




and define M by 




Let 




53 



and choose / such that 

N 2(i-i) < |- < N 21 . 

Hence, 



log — log — / \ 6 \ 6 

log N = log D — — > log y — — — [9 ) log x > - log x 

B B 2k- 1 ~ By 2k- 1 V 2k -1/ 2 B 

and I < O^ 1 + 1. Bounding (50) by Theorem 14 gives 

x^M-^ + ^M^) mkl) < 



, /-D\ 5 /4 / a; N -l/(4fc(2fc-l)i) 
o £ /D\ 3 /2 (1-9)9 

ar ^ — J a; 8(e- 1 +i)(e- 1 +o.5)y_ 



Hence we may take 

£) = 12(9-l + l)(9-l+0.5) 

implying Theorem 15. 



11 1=9 ,/ 



12.2 Proof of Theorem 16 

Denote e = log N/ log p. As a consequence of the Weil bound on incomplete 
Kloosterman sums, we can assume that e < 4/7. Let 

g = {x < N : Pl > N a , p 3 > N 13 , Pl p 2 p 3 < N 1 - 13 }, 

where p\ > p 2 > p 3 are the largest prime factors of x and 

0.1 > a > (3 > 



logiV 

are parameters to specify. Letting 0.1 > f3± > (3 be another parameter, we 
observe that 

E ^ E E ^ E E^f^i^w 

x<JV y<Nf>l PiP2<N/y y<N^ P2<N y Zy to 

piP2>N 1_/3 i 
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Similarly, 

E X< E E ^^<5/3(log log iV) 2 iV. 



x<N y<NP P2P3<N 

PlP2P3>^V 1_ ' 3 

We also note that the number of positive integers not exceeding N and con- 
sisting on products of at most two prime numbers is less than 

2N log log N 



logiV 

Hence, we have 

_ 2iVloglogiV 
log N 



< 2(3N\og\ogN. 



+ E X + E !+ E !+ E 1 

x<JV 2!<iV :r<7V ai<jV 

Pi<N a pipa^ 1- " 1 pip 2 <A rl_/31 PiP2P3>N 1 -< 3 

P3<NP 

< 2N \^° gN + * + 4pW log log iV 



+ V v( ,N P ) + 5f3N(\og\ogN) 2 . 

PiP2<N 1 -n 

Here ^(x, y), as usual, denotes the number of positive integers < x having no 
prime divisors > y. By the classical result of de Bruin [10] if y > ()ogx) 1+5 , 
where 5 > is a fixed constant, then 



*(x, y) < ct- u(1+o(1)) as u — |^ oo. 

logy 



Thus, taking 



1 a fli i 2 log log iV , 

« = 1 — ; , Pi = /?loglogp, — ■ -—</?< 



loglogp' ' logiV (log log p) 3 ' 

we have 

N-\Q\<a&N + y — + 11/3 7V(log log p) 2 

fll 

piP2<JV 1_ Pi 

< (ai + (loglogiV) 2 (£) 2 " + ll/3(loglogp) 2 )iV 

< 12/3(loglogp) 2 iV. 
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Therefore 



^2 e p {ax* 



x<N 

We can further assume that 



< 12(3 (log log p) 2 N + ^2e p (ax* 



60 > 



The sum YlxeQ e p( ax *) ma y be bounded by 

ESS Yl e p( a P*iP*2Ply*) 



(51) 



pi P2 pz y 



where the summations are taken over primes pi,P2,P3 and integers y such 
that 

Pi>P2>Ps; Pi>N a ; p 3 >Nf; Pl p 2 p 3 < N 1 ^ (52) 



and 



y < 



N 



P1P2P3 

Note that if t and T are such that 



P(V) < Pi- 



V logo/ 



P3<t < p 3 , 



N N 
< T < 



(53) 



iogpy^ j ■■••■■>■ \ \ogpJ pip 2 p 3 P1P2P3 

where c > is any constant, then we can substitute the condition on y with 

P(y) <t; y<T (54) 

by changing the sum (51) with an additional term of size at most 

7V(loglogp)°« 
logp 

Thus, for any t and T satisfying (53) we have 

|5>(-"> < N{l0 Z7 )Oa) + 



xeG 



pi P2 pz y 



where the summations are taken over primes Pi,p 2 ,P3 and integers y satisfy- 
ing (52) and (54). 
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Now we split the range of variations of primes Pi,P2,Ps into subintervals 
of the form [L, L + L(logp)" 1 ] and choosing suitable t and T we obtain that 
for some numbers Mi, M2, M3 with 

Mi > 0.5M 2 > 0.2M 3 , Mi > N a , M 3 > N p , M1M2M3 < N 1 ^ (55) 

one has 

N(loglogp)° (1) 



xeg 



< 



logp 



+ o°gp) 10 EEEl E ep(«pi^y*) 



P(y)<M 3 



(56) 



where 



Denote 



M 3) M,+ Uj 



logpJ' 



M = 



AT 



M!M 2 M 3 



>A^. 



w = E E E I E e p(«^»*) 



PlGi"l P2G^2 P3^3 y<A^" 

P(2/)<M 3 



Applying the Cauchy-Schwarz inequality, we get 

w 2 < MiM 2 m 3 E E I E E E e P (^»3(y* - *•)) 



j/<M z<M piS/i P2G/2 Pi&h 



Taking into account the contribution from y = z and then fixing y 7^ z we 
get, for some 6^0 (mod p), 



AT 2 

W < -TT + NM\S\, 
~ M 11 



(57) 



where 



w = I E E E e p(^»3) 

P26/2 P3&I3 

Define integers ki, &2, A; 3 such that 



p 2 ^ < M,- < p 2 ^- 1 ) , j = 1, 2, 3. 
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From (55) and the choice of a and j3, it follows, in particular, that 

h < — < (logp) 1 / 2 , k 2 , h<±-< (logp) 1 / 2 . (58) 
ea ep 

We further take even integers lj G {kj, kj + 1}, (j — 1,2, 3) and define 

VjW = |{(^i. • • • > x h) e ( J i n V ) h ■ x *i ~ x *2 + ■ ■ ■ - x*. = A (mod p)} . 
We have 

p-i 

$>(A)<M^ ( 59 ) 



A=0 

and, applying Theorem 6, 



p-1 f j^2kj-l 



J>(A) 2 <Mf^ ] Mf{2k^ (-i + l) 

<(2A^M-V 1/2 . 



A=0 

Next we apply consequently the Holder inequality. We get 

h 



(60) 



\s\^ < (M 2 M 3 ) h ~ i y: eie e p(^»D 

P2G/2 P3€i"3 Pl6/l 



and since we took even, we further get 

p-i 

|fif <(M 2 M 3 y i - 1 ^ ?7l (A 1 )[j] £ epf&AuSpJ) 

Ai=0 

p-l 

<(M 2 M 3 )^ 1 ^ ^(Ai) £ I ep(^irfpS) 

Ai=0 P3€-f3 P2G/2 

Applying the Holder inequality and using (59), we obtain 

p-i 

\S\ 1 ^ <{M 2 M^-^M { l*- l)h M l r l E I E e p( &A ^3) 

Al=0 P3G/3 P2G^2 

p— 1 p— 1 

A 1= 0A 2 =0 P3G/3 
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We again apply the Holder inequality and use (59), 

\S\ llhh < Ai} 1,3(,a " 1) A4 a,s(,1_1) Mj 3(,lia " 1) (Mi 1 M^) ,3 - 1 x 



p— 1 p— 1 p— i 

x 



E H H ^i( A i)^2(A 2 )^3(A3)ep(&A 1 A 2 A3) 

'Ai=0A 2 =0 a 3 =o 

= mI^^w^^^m^ 1 ' 2 ' 3- ^^!, 

where 

p— i p— i p— i 

Ai=0 A 2 =0 A 3 =0 

We apply Lemma 1 with n = 3 and 
From (59) it follows that 

A=0 

From (60) and (58) it follows that 

ii..ii-(E(^)T /2 <^ 

A=0 

and, in particular, 

n 

iiini 2 <p- i/2 - i/10 . 

Thus, Lemma 1 applies and leads to 

| Si | < WMi\\,\> '. 
for some absolute constant c > 0. Consequently 

< M 1 M 2 M 3 p- Cl/(fclfc2fc3) < M 1 M 2 M 3 m- C2£ial32 . 
Inserting this into (57) and taking into account that 

M > N p = p £l3 > exp(v^ogp), 
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we get 



W < 



N 



exp(0.5v / log~p) 
Inserting this into (56), we get 



Therefore 

| e p {ax*) 

x<N 

Thus, taking 



< Ar ( 1 °g 1 °gP) Q(1) + i2f3(\og\ogp) 2 N + ()ogp) 10 Nm- C3£Sa P 2 . 



logp 



C log log p 



£ 3/2(l gp)l/2' 

with sufficiently large constant C, we obtain 



| e p (ax* 

x<N 

which finishes the proof. 



< (l0gl0gp) 3 c - 3 /2 ¥; 

(logp) 1 / 2 



12.3 Proof of Theorem 17 

We only treat the case when q is prime, but the argument generalizes. 
We follow [17]. Denote 

A = {n < x; n = a (mod q)}, 

Ad = {n G A; n = (mod d)}, 

5(^1, z) = \{n G ^4; (n,p) = 1 for p < z, (p, q) = 1}|, 



x 



1-6 



D 



Let D 1 / 5 < w < y < z = (x/q) 1 ^ 3 , where w and y to specify, and write 
using Buchstab's identity 

S(A,z) =S(A,w)- S(A p ,z)- S (A, W ) 

V<P<z w<p<y 

+ S(A piP2 ,P2). 

w<p\<p2<y 
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Applying the basic estimates of the linear sieve on each of the terms in (61) 
leads to the bound 

2r 

0(g) log£> 

see the discussion in [17] and also [18, p. 265]. In particular this involves 
bounding 

2x D 

S(A PlP2 ,p 2 ) < ~r~/ \ : — with D 12 = . (63) 

4>{q)piP2 log D 12 pip 2 

Here Di 2 is the level of distribution for the sequence A PlP2 . The idea from [17] 
is to improve on (63), in the average over pi,p 2 , by increasing the level Di 2 
to some level D' 12 . 

More precisely, define the reminders 

x 

R"Pl,P2,d — \Ad PlP2 \ — V64) 

that appear as the error terms in the sieving process. The strategy is to 
bound the collected contribution of R pi;P2; d, performing the summation over 

Pl,P2- 

Subdivide [w,y] in dyadic ranges and estimate 



pi~.Pi 

P2~P2 



for fixed Pi, P 2 . We introduce D' 12 = D' 12 (P U P 2 ) > D 12 such that 



x 1 £ 



E I E <— P ^ ^ 



d<D[ 2 pi~Pi 
P2~P2 

With D' 12 as sieving limit, (63) improves to 

2x 



S(A PlP2 ,p 2 ) < 



<p(q)pip 2 log D' l2 

on average over pi ~ P\, p 2 ~ P 2 , provided p\ > D' l2 . The gain in (62) 
becomes then of the order 

X sr^ 1/1 1 \ 

x ^ 12 (pi,p 2 ) ( 66 ) 

< 1 a gig 

~ 0(9) ^ ^ ^ V1V2 (logL>i 2 ) 2 

w/ w<pi<p2<y v ' 
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Using the analysis from [17] in order to express (64) as exponential sums, we 
obtain following bound on the left hand side of (65) 



J2 | ^(z^T )e q (-ahd*p*iP* 2 ) 



d<D' 12 0<\h\<H pi~Pi 

p 2 ~P 2 



qdpip 2 - 



(67) 



up to admissible error term. Here 

H = qdP^x 26 - 1 

and / > is supported on x l ~ £ < t < x + x x ~ e satisfying /(0) = x and 
pfk>)(t) <C x £ for j > 0. Standard manipulations permit to express (67) in 
terms of trilinear sums (D 12 < D < D' 12 ) 



x 



qDP 1 P, 



H\ ^2 ®d(3p 1 r yp 2 e q (-ahd*p* 1 p* 2 ) 



d£i 
pi&h 
P2G/2 



with I cKrf| , \(3 P1 \, |7 P2 | < 1 and 

Jo C [D, 2D], h C [Pi, 2P 1 ], I 2 C [P 2 , 2P 2 ] 
intervals. Note that these intervals always be enlarged to 

J = [D, 2D], h = [P u 2P ± ], I 2 = [P 2 , 2P 2 ]. 

Take 5 = (1 - 0)/5 and w = x 5 , y = x 25 . Note that 

D 



D > D 12 > — > x 



0.98 



Performing the Karatsuba amplification followed by a trilinear estimate gives 
a saving of a factor x c ' 5i , hence 



x 



-if ^2 a d f3 Pl -f P2 e q (-ahd*plp 2 ) 



qDP x P 2 

P2&h 

which is less than x 1 ~ e q~ l for 



< 



x 



l-c'5 3 



-H < x 2£ - c ' p D' 12 P 1 P 2 



D\ 



x 



l+c"5 3 



12 



qPiP 2 
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D 12 x l 



'S 3 



The condition w 5 > D' 12 is satisfied. Thus, returning to (66), we obtain the 
saving 

x ^ 1 log(x c " si ) x5 xS 2 

^ 6 ^ ^ ^ 2S PiP2 5 2 {}ogx) 2 0(g) logx 4>{q) logf 

and since e is arbitrarily small, the result follows. 



13 Comments 

There is an alternative approach to Theorem 17 following the proof of [18, 
Theorem 13.1]. On [18, p. 262], there is a bound 



R(M, N) < a; e |(M, N) - bilinear Kloosterman sum j 



+ 



x x - £ 



According to [18, Theorem 12.21], we may consider any factorization D 
MN. Let x/q = x 5 and take k such that 

1 <^< 1 



2k - 1 - 2 2k - 3 
Let 

N= l/(2/c-l) M =^. 

From our Theorem 8 it follows that 

|(M, N) - bilinear Kloosterman sumj < MN l - c/k ' 2 < D 1 ^ . 

From condition D l ~ c&2 < x 1 ~ £ q~ 1 we obtain, 

(2 - c5 2 )a; 



n(x; q, a) < 



<p(q) \og{x/q) 



As we have mentioned in the introduction one can prove that if / C F* 
with |/| < p 1/2 , then 

+ j-1 + j-ll > |j|1.55+o(l)_ 
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This is better than what one gets from Corollary 1 for k — 3. Let us prove 
this bound. We can assume that \I\ — N > p 1 ^ 3 , as Corollary 4 implies a 
better bound 

_|_ > \i\ 2 +°W, 

Consider the congruence 

1 1 1 1 1 1 , , N 

1 1 = 1 1 (modp), xi, . . .,x 6 e 1. 

Xi X 2 X 3 X A X 5 Xq 

The number J 6 of this congruence can be bounded by 

From Theorem (1) it follows that J 8 < N 32 ^ + °^\ and from Corollary 4 we 
have that 

jV 7 /2+°(l) 
J4 < p l/2 ■ 

Thus, 

jy99/20+o(l) 

Using the relationship between the number of solutions of a congruence and 
the cardinality of the corresponding set, we conclude that 

+ j-l + > ^21/20+0(1)^1/4 > jyl.55+o(l)_ 

We remark that the arguments in the proof of Theorem 1 also give the 
following. 

Proposition 1. For any fixed positive integer constants r and k the number 
J-2k °f solutions of the congruence 

1 11 1 , , , 

— + ... + — = — h... + — (modp), x 1 ,...,x 2k e I, 

x l x k x fc+l x 2k 

satisfies the bound 

l rl2fc 

4l ] < (|/| 2fc2 /(*+D + Jii_)|/|o(i). 

Thus, in particular we obtain 
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Corollary 5. Let r±,r 2 , ki, k 2 be fixed positive integer constants, I\ = [ai + 
1, ai + Nx], I 2 = [a 2 + l,a 2 + N 2 ] and 



fcl+l k 2 + l 

Nx < p 2fc i , N 2 < p 2fe 2 . 



Then for any complex coefficients ai(x 1 ),a 2 (x 2 ) with \ai(xi)\ < 1 one has 
max \ \ ai{xi)a 2 {x 2 )e p (axx' n x 2 r ' 

(a,p)=l\ ' 



< 2 ) 1+o(1) . 



One may apply the bilinear sums of Corollary 5 together with Vaughan's 
formula [32] to bound the corresponding sums over primes, similar to those 
in [5, Theorems Al, A9] and [14, Corollary 1.5]. 

Corollary 6. Let r £ Z + and p > N > p l / 2+£ for some e > 0. Then 



max y e p (ax r ) 



x<N 
x prime 



< N 



1-8 



for some 5 = 5(e; r) > 0. 

Next we remark that the result from [19] implies the bound 

15/16+o(l) 



max y e p (ax x ) 



x prime 



Our Corollary 5 leads to 

Corollary 7. For any fixed positive integer constant r the following bound 
holds: 

max y e p (ax~ r ) 

(a,p)=ll L — ' 



x<p 
x prime 



< p 23/24+o(l)^ 



Let us prove it. It suffices to establish the bound 



|^^A(n)e p (an r ) 

n<p 



< p 23/24+o(l) 
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and then the result follows by partial summation. Here A(n) is the Mangoldt 
function. 

Below we use A ;$ B to mean that A < Bp°^\ From the Vaughan's 
identity (see [13, Chapter 24]), we have 

Kn)e p (an- r ) < W 1 + W 2 + W 3 + W 4 , 

n<p 



where 



W 1= \j2Hn)e p ( 



an 



n<U 



W 2 = ^2 | e p( an Tm r ) 

n<UV m<p/n 

W 3 = (\ogm)e p {an~ r m~ r ) 

n<V m<p/n 

W 4 = : Pme P {an~ r m' r ) 

U<n<p/V V<m<p/n 

Here U > 2, V > 2 are parameters with UV < p, 

d\m 
d<V 

Below we shall also use Weil's bound of the form 



p-i 

e p (ax~ r + bx) 

x=l 



« p 1 ' 2 . 



More precisely, we shall use a consequence of this bound, namely if I is an 



interval in ¥ p then 



< P l/2 . 



We take U — V — p 1 ^ and estimate W 1 trivially: 

W 1 <U = p 1/3 . 
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To estimate W 2 we split the range of summation over n into dyadic in- 
tervals and get, for some L < p 2 ^ 3 , 



w *& E | E e p { 

L<n<2L m<p/n 



— r — r N 

an m 



If L < p 1 ^ 3 then we apply Weil's bound to the sum over m and get 

W 2 < LpW < v hl% - 

If p 1 ! 3 < L < p 2 / 3 then using the standard smoothing argument we extend 
the summation over m to m < p/L and apply Corollary 5 with k\ — k 2 — 2 
to get 

W 2 < p 23 ' 24 . 

To estimate W 3 we use partial summation (to the sum over to) and Weil's 
bound and get 

ws<J2 p 1/2 & p 5/6 - 

n<p 1 / 3 

To estimate W4, we split the range of summation over n into dyadic 
intervals and get, for some p 1 ^ 3 < L < p 2 ^ 3 , 



L<n<2L p 1 /3< m <p/n 

Applying the smoothing argument to extend the sum over to to to < p/L 
and using Corollary 5 with k-y = k 2 = 2, we get 

W 4 < p 23 ' 24 

and Corollary 7 follows. 



References 

[1] A. Ayyad, T. Cochrane and Z. Zheng, 'The congruence X\X 2 = x^x A 
(modp), the equation X1X2 — and the mean value of character 

sums', J. Number Theory, 59 (1996), 398-413. 

[2] R. C. Baker, 'Kloosterman sums with prime variable', Acta Arith., (to 
appear). 



67 



[3] U. Betke, M. Henk and J. M. Wills, 'Successive-minima-type inequali- 
ties', Discr. Comput. Geom., 9 (1993), 165-175. 

[4] Z. I. Borevich and I. R. Shafarevich, Number Theory, Academic Press, 
1966. 

[5] J. Bourgain, 'More on sum-product phenomenon in prime fields and 
its applications', Int. J. Number Theory 1 (2005), 1-32. 

[6] J. Bourgain, 'Multilinear exponential sums in prime fields under opti- 
mal entropy condition on the sources', Geom. Funct. Anal. 18 (2009), 
1477-1502. 

[7] J. Bourgain, 'The discretized sum-product and projection theorems', 
J. Anal. Math. 112 (2010), 193-236. 

[8] J. Bourgain, M. Z. Garaev, S. V. Konyagin and I. E. Shparlinski, 'On 
the hidden shifted power problem', SI AM J. Comp., (to appear). 

[9] J. Bourgain, M. Z. Garaev, S. V. Konyagin and I. E. Shparlinski, 'On 
congruences with products of variables from short intervals and appli- 
cations', Proc. Steklov Inst. Math, (to appear). 

[10] N. G. de Bruijn, 'On the number of positive integers < x and free prime 
factors > y, IF, Indag. Math. 28 (1966), 239-247. 

[11] D. A. Burgess, 'Partial Gaussian sums', Bull. London Math. Soc, 20 
(1988), 589-592. 

[12] J. Cilleruelo and M. Z. Garaev, 'Concentration of points on two and 
three dimensional modular hyperbolas and applications', Geom. Func. 
Anal, 21 (2011), 892-904. 

[13] H. Davenport, "Multiplicative Number Theory". Third edition, revised 
by H. L. Montgomery. Springer- Verlag, New York, 2000. 

[14] E. Fouvry and Ph. Michel 'Sur certaines sommes d'exponentielles sur 
les nombres premiers', Ann. Sci. cole Norm. Sup. 31 (1998), 93-130. 

[15] E. Fouvry and I. E. Shparlinski 'On a ternary quadratic form over 
primes', Acta Anth. 150 (2011), 285-314. 



68 



[16] J. Friedlander and H. Iwaniec, 'Estimates for character sums', Proc. 
Amer. Math. Soc, 119 (1993), 365-372. 

[17] J. Friedlander and H. Iwaniec, The Brun-Titchmarsh theorem, Analytic 
number theory (Kyoto, 1996), 85-93, London Math. Soc. Lecture Note 
Ser., 247, Cambridge Univ. Press, Cambridge, 1997. 

[18] J. Friedlander and H. Iwaniec, Opera de Cribro, American Mathemat- 
ical Society, Colloquium Publications, 57, 2010. 

[19] M. Z. Garaev, 'Estimation of Kloosterman sums with primes and its 
application', Math. Notes 88:3 (2010), 365-373. 

[20] D. R. Heath-Brown, 'Almost-primes in arithmetic progressions and 
short intervals', Math. Proc. Cambridge Philos. Soc. 83 (1978), no. 
3, 357-375. 

[21] M. N. Huxley, 'On the difference between consecutive primes', Invent. 
Math. 15 (1972), 164-170. 

[22] K. Ireland and M. Rosen, A classical introduction to modern number 
theory, Springer, 1990. 

[23] A. A. Karatsuba, 'New estimates of short Kloosterman sums', Math. 
Notes 88:3 (2010), 347-359. Prepared by E. A. Karatsuba, M. A. Ko- 
rolev and I. S. Rezvyakova on notes and drafts of A. A. Karatsuba. 

[24] A. A. Karatsuba, 'Analogues of Kloosterman sums', Izv. Math. 59:5 
(1995), 971-981. 

[25] A. A. Karatsuba, 'Fractional parts of functions of a special form', Izv. 
Math. 59:4 (1995), 721-740. 

[26] M. A. Korolev, 'Incomplete Kloosterman sums and their applications', 
Izv. Math. 64:6 (2000), 1129-1152. 

[27] M. A. Korolev, 'Short Kloosterman sums with weights', Math. Notes 
88:3 (2010), 374-385. 

[28] W. Luo, 'Bounds on incomplete multiple Kloosterman sums', J. Num- 
ber Theory, 75 (1999), 41-46. 



69 



[29] V. V. Prasolov, Polynomials, Algorithms and Computation in Mathe- 
matics, 11, Springer- Verlag, Berlin, 2004. 



[30] I. E. Shparlinski, 'Bounds on incomplete multiple Kloosterman sums', 
J. Number Theory, 126 (2007), 68-73. 

[31] T. Tao and V. Vu, Additive combinatorics, Cambridge Stud. Adv. 
Math., 105, Cambridge University Press, Cambridge, 2006. 

[32] R. C. Vaughan, 'Sommes trigonometriques sur les nombres premiers', 
C.R. Acad. Sci. Paris Ser. A 285, 981-983. 



70 



